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Abstract

In order to meet regulatory approval, new vaccines typically must reduce the total
risk of a post-infection outcome like transmission, symptomatic disease, severe illness,
or death in randomized, placebo-controlled trials. Because infection is necessary
for a post-infection outcome, one can use principal stratification to partition the
total causal effect of vaccination into two causal effects: vaccine efficacy against
infection, and the principal effect of vaccine efficacy on post-infection outcomes in
the patients that would be infected under both placebo and vaccination. Despite the
importance of such principal effects to policymakers, these estimands are generally
unidentifiable, even under strong assumptions that are rarely satisfied in real-world
trials. We develop a novel method to nonparametrically point identify these principal
effects while eliminating the monotonicity assumption and allowing for measurement
error. Furthermore, our results allow for multiple treatments, and are general enough
to be applicable outside of vaccine efficacy. Our method relies on the fact that
many vaccine trials are run at geographically disparate health centers, and measure
biologically-relevant categorical pretreatment covariates. We show that our method
can be applied to a variety of clinical trial settings where vaccine efficacy against

*The authors gratefully acknowledge helpful conversations with Gongjun Xu, Fan Li, and Peng Ding
about this work.



infection and a post-infection outcome can be jointly inferred. This can yield new
insights from existing vaccine efficacy trial data and will aid researchers in designing
new multi-arm clinical trials.
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1 Introduction

Phase 3 randomized, placebo-controlled clinical trials are the gold-standard by which vac-
cine candidates are assessed for efficacy and safety. Such trials are an important source
of data about whether vaccines prevent outcomes such as infection and post-infection out-
comes like secondary transmission, severe illness, or death. For example, COVID-19 vac-
cination trials like Polack et al. (2020) and Baden et al. (2021) measured vaccine efficacy
against symptomatic disease, as well as severe illness and death. Principal stratification,
developed in Frangakis & Rubin (2002), may be used to partition the intention-to-treat ef-
fect of vaccination on an outcome like hospitalization into vaccine efficacy against infection
and vaccine efficacy against hospitalization given infection in the always-infected stratum;
these separate effects help policy makers optimize vaccination programs, communicate with
the public, allocate scarce resources, and guide future pharmaceutical therapeutic devel-
opment (Lipsitch & Kahn 2021). Methods to infer principal effects for vaccine efficacy
were first developed for continuous post-infection outcomes in Gilbert et al. (2003), Jemiai
et al. (2007), Shepherd et al. (2006, 2007), and further developed for binary post-infection
outcomes in Hudgens & Halloran (2006).

Unfortunately, vaccine efficacy against post-infection outcomes, binary or otherwise, is
not generally identifiable, even under the assumption that vaccine efficacy against infection
is non-negative almost-surely (monotonicity). Moreover, the method requires that both
infection and post-infection outcomes are perfectly measured. Neither monotonicity nor
error-free measurements can be assumed to hold in vaccine trials. Monotonicity can be
violated if a vaccine increases the per-exposure probability of infection for a participant
(Gilbert et al. 2003), which is possible in influenza vaccine trials where the vaccine targets a

different antigen than the circulating strain. Another way monotonicity can be violated is if



vaccination increases exposure for certain participants. This can occur in a double-blinded
placebo-controlled study where the vaccine is reactogenic and leads to some participants
in the vaccine group becoming unblinded.

Measurement error is common in vaccine trials due to the imperfect nature of diagnostic
tests for infection (Kissler et al. 2021, Wang et al. 2020). Post-infection outcomes like
symptoms may also be observed with error. For example, in an influenza vaccine trial,
many different viruses circulate during influenza season that produce similar symptom
profiles.

We develop novel methodology to point identify vaccine efficacy against binary post-
infection outcomes without assuming monotonicity while allowing infection and post-infection
outcomes to be misclassified. Our framework immediately generalizes to multiple treat-
ments as we will show. We capitalize on the fact that many randomized trials for vaccines
are run as multi-center trials (i.e. geographically disparate study sites) (Francis 1982,
Longini Jr et al. 2000, The FUTURE II Study Group 2007, Halloran et al. 2010, Baden
et al. 2021, Polack et al. 2020), and typically measure pretreatment covariates relevant to
infection. We build on literature for identifying principal stratum effects with covariates
(Rubin 2006, Ding et al. 2011, Jiang et al. 2016), on inferring principal stratum effects in
multisite randomized trials (Wang, Richardson & Zhou 2017, Yuan et al. 2019, Luo et al.
2023), on using covariates to hone large-sample nonparametric bounds (Zhang & Rubin
2003, Grilli & Mealli 2008, Long & Hudgens 2013), and on identifying causal estimands
under unmeasured confounding (Miao et al. 2018, Shi et al. 2020). Our method also relates
to recent literature on inferring causal estimands under measurement error (Jiang & Ding
2020) and on identification of latent variable models (Ouyang & Xu 2022).

We show that our method can be used to design randomized trials for comparison of



multiple vaccines against a control, which will be a necessity for public health agencies in
future pandemics as well as during the COVID-19 pandemic. Due to recent updates to
regulatory guidance from the European Medicines Agency, the authority that authorizes
pharmaceuticals in the European Union, principal effects are acceptable target estimands
in randomized clinical trials and principal stratification is an acceptable analysis method
for these trial data (Bornkamp et al. 2021, Lipkovich et al. 2022). This means that our
methodology can be used by regulatory agencies to design new clinical trials for vaccines
that target post-infection outcome VE. As noted by several authors, vaccine efficacy against
post-infection outcomes is mathematically analogous to the widely-studied survivor average
treatment effects (Ding et al. 2011, Tchetgen Tchetgen 2014, Ding & Lu 2017), so our

methodology can be readily used outside the domain of vaccine efficacy.

2 Vaccine efficacy in two-arm multi-center trials

Two-arm multi-center trials, or trials run in tandem across several disparate health centers
where each participant is randomly assigned to receive a vaccine or a placebo, are the
most common vaccine efficacy study designs. To fix ideas, we will consider the example
of an influenza vaccine trial, where researchers are interested in understanding vaccine
efficacy against influenza infection and vaccine efficacy against severe illness caused by
influenza infection. Crucially, it is not possible to perfectly observe influenza infection
or severe illness. Instead, researchers are limited to using imperfect tests for infection,
like polymerase chain reaction (PCR) tests, or serology to detect a participant’s infection
status. These methods measure infection with error, with varying levels of sensitivity and
specificity. For example, PCRs for COVID-19 have very high specificity, but tend to have

sensitivities in the range of 0.6 to 0.8 due to variation among patients in how the virus



populates the nasal cavity, variation in swab quality, and viral RNA dynamics (Kissler
et al. 2021, Wang et al. 2020). Depending on the severity of the post-infection outcome,
these outcomes may also be mismeasured. For instance, a high proportion of participants
report symptoms in vaccine efficacy studies, despite many of these participants testing
negative for the target disease. In the presence of high-sensitivity tests, this necessarily
means that specificity of symptoms following infection is below 1. This is because it is
possible for participants to develop influenza-like severe illness from non-influenza viruses
during a clinical trial. Thus our framework assumes that observed infection and severe
illness are noisy proxies for true unobservable infection and severe illness states. The next
section outlines the data structure for each participant.

Suppose there are n participants in the trial, and we observe the following sextuplet
for each participant : (Si,f/i,Zi,Ri,Ai,Xi), where S’Z is binary influenza test result, f/;
is observed binary severe illness status, and Z; is binary treatment assignment. R; is a
categorical variable indicating the health center with which each participant is associated,
A; is a discrete pre-treatment covariate related to infection under treatment and control,
and X, is a univariate discrete pre-treatment covariate that may represent the intersection
of several distinct covariates like age, sex, occupation, and pre-existing conditions. Let R;
take values from 1 to N,, A; take values from 1 to N,, and X; take values from 1 to N,.
Z; =1 for individuals assigned to receive vaccination, and Z; = 0 for individuals assigned to
placebo.

Let .S; be the latent influenza infection state, and Y; be the latent influenza-caused severe
illness state for each participant. We use the Neyman-Rubin causal model to define S;, and
Y; as partially-observed realizations of counterfactual outcomes (Neyman 1923, Rubin 1974,

1978, Holland 1986). For an extensive review of statistical approaches to causal inference



through the lens of missing data see Ding & Li (2018). Let any potential treatment plan
for all n individuals in the trial be the length-n binary vector z, where the i** element is the
potential treatment status of the i*" participant. Accordingly, each individual is associated
with a binary counterfactual infection outcome, S;(z), and a counterfactual severe illness
outcome, Y;(z,S;(z)), under treatment status z. Let the observed treatment status for all
n individuals in the trial be the length-n binary vector Z, where the it element is the
assigned treatment of the it participant.

Our causal model enforces the constraint that an uninfected individual cannot have
severe illness caused by influenza infection. In other words, post-infection outcomes are
defined such that they are caused by infection from a pathogen of interest (Gilbert et al.
2003, Hudgens & Halloran 2006). Then Y;(z,0) is undefined for all z, and is denoted as
Yi(z,0) = ». Yi(z,S;(z)) is defined as a binary variable only when S;(z) = 1, or, equivalently,
Y;(z,1). For the remainder of the paper we assume that S;(z) = S;(z’) and Y;(z, S;(z)) =
Yi(z',5:(z")) if z; = z]. Therefore, we assume the Stable Unit Treatment Value Assumption

(SUTVA) holds:

Assumption 2.1 (SUTVA). There is only one version of each treatment, and counterfac-

tual outcomes are a function of only a unit’s respective treatment status, z.

SUTVA can be satisfied for vaccine efficacy trials by restrictions on participants and
recruitment (Gilbert et al. 2003). Furthermore, recruited participants are a small frac-
tion of the total population at risk of infection (Zhang et al. 2009). Thus the vector
(S;(1),Y;(1,S;(1)), 5:(0),Y;(0,5;(0))) is the complete definition of counterfactual out-
comes under vaccination and placebo for each individual in the trial.

A second assumption we will make for the rest of the paper is that the study is a

randomized experiment. This means that all trial participants have positive probabilities of



being assigned to either vaccine or placebo, and that treatment assignment is unconfounded

(Imbens & Rubin 2015).

Assumption 2.2 (Random treatment assignment). The probability of being assigned to

treatment for each individual lies strictly between 0 and 1:
0<P(Zi=1]8:(1),5:(0),Yi(1,5(1)),Yi(0,5;(0))) < 1.
Treatment assignment s independent of all potential outcomes, or
S5i(1),5:(0),Yi(1, 5:(1)), Yi(0, 5:(0)) L Z;.

Given Assumption 2.1 and Assumption 2.2, the latent realized values of the counterfac-

tual variables are as follows:

A third condition that will be assumed to hold is that of non-differential measurement

errors for the influenza test result and the severe illness observation.

Assumption 2.3 (Non-differential Misclassification Errors). Misclassification errors for

S;,Y; are conditionally independent of all else given the true values S;,Y; or
g’i 1 Zi7SiPO7 R’L‘7Ai7}/;7Xi | S’i7 Y/’L A Z’sz‘Poa RiaAia SMX’L | }/’L

Under Assumption 2.3, we may completely characterize the distributions of the noisy
outcomes S;,Y; via the following four unknown parameters sng = P(S; = 1| S; = 1),spg =
P(S;=0]S;=0)and sny = P(Y; =1|Y; =1),spy = P(Y; = 0] Y; = 0), or the respective
sensitivities and specificities for infection and the post-infection outcome. This assumption
can be loosened for infection misclassification as explored in Section 5.

We can thus define several causal estimands of interest related to the latent infection

and severe illness states, S;(z),Y:(2).



Definition 2.1 (Vaccine efficacy against infection).

VEg =E[S;(0) - Si(1)] /E[S;(0)], and

Definition 2.2 (Intention-to-treat vaccine efficacy against severe illness).

VErrr = E[Yi(0,5:(0))5i(0) - Yi(1, 5:(1)) Si(1) ] /E[Yi(0, 5:(0))Si (0)].

where we let Y;(z,5;(2))S;(z) =0 when S;(z) =0.

Under Assumptions 2.1 to 2.2, the following identities hold

E[S(=)]=E[S:|Zi=2], E[Yi(2)]=E[Yi|Z=z].

Given the identities

]E[S'i:1|Zi:z]+sp571
spg+sng—1

]E[Y/i:1|YL':Z]+Spy*1
spy +sny —1

E[Si:1|Zi:Z]: ,E[Y;‘:].|ZZ'=Z]:

and known sensitivities and specificities, Definition 2.1, and Definition 2.2 are estimable

via plug-in ratio estimators.

2.1 Conditional effects and principal stratification

We might be tempted to define vaccine efficacy against severe illness by comparing the
rate of severe illness in vaccinated participants to that of the unvaccinated among pa-
tients who have been infected. These quantities are represented as E[Y; | S; =1, Z; = 1] and
E[Y;|Si=1,Z;=0]. However, as shown in Frangakis & Rubin (2002), the set of partici-
pants {i | S; = 1,7; = 1} is different from the set of participants {i | S; = 1, Z; = 0}, which
invalidates the contrast as a causal quantity. For a comparison to have a causal inter-
pretation, the only systematic difference between the quantities being compared may be

the difference in treatment, as in the numerator for VEg: E[S;(0) - S;(1)]. The estimand



VE?' =E[Y;(0) | S;(0) = 1] - E[Y;(1) | Si(1) = 1], however, includes both the difference in
treatment and the systematic difference between groups {i | S; =1,7Z; =1} and {i | S; =
1,Z; =0}. Thus, any difference between E [Y;(0) | S;(0) = 1] and E[Y;(1) | S;(1) = 1] could
plausibly be explained by the difference in individual traits between the two groups rather
than the difference treatment.

In terms of counterfactual outcomes, the set {i | S; = 1, Z; = 1} includes trial participants
with (S;(1) = 1,5;(0) = 0) and those with (S;(1) =1, 5;(0) =0), while theset {i | S; =1, 7; =
0} includes those (S;(1) =1,5;(0) = 1) and those with (S5;(1) =0, 5;(0) =1). These groups
arise in the estimand VE}®" as follows. In order to simplify our notation, we introduce the
principal stratum, SiP . Let it be defined as the ordered vector of counterfactual infection

outcomes for unit i, or

Sfo = (Si(1),8:(0)), Si(2) €{0,1}

and let the set of all principal strata be denoted as §. In this case S = {0,1}2.

Furthermore let Y;(z) = Y;(z,1), and 6;, = P(S*° = (j,k)). Then:

t , %,

VE;" = E[Yi(o) SH ST =, 1)] (011 + 010) (011 + Oo1)

" (E [Y;(O) | Sho = (1, 1)] —E[Y;(l) | S — (1’0)])(911 n 9?;;?511 + 901)

+ E[V(0)] 57 = (O D]-E[Xi(1) |5 = (1)) g eilﬁle +00)
010601

+(E[Y;(0) | S7 = (0,1)] - E[Yi(1) | S = (1,0)])

(911 + 910)(911 + 901)

VE}*" is a mixture of contrasts, one of which is a valid causal estimand, E [Y;-(O) ~Y (1) | Ssh=q, 1)]
This mixture is noncausal because some of the contrasts compare outcomes between prin-
cipal strata.

The solution is to compare potential severe illness outcomes within strata so that the

group in which the causal estimand is defined is homogeneous in terms of potential out-
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comes. These comparisons are called principal effects (Frangakis & Rubin 2002).

The only group in which a causal comparison can be made is the (1,1) stratum, oth-
erwise known as the always-infected stratum. This is because it is the only stratum in
which participants have a well-defined post-infection outcome under vaccination and under

placebo. Thus we may define vaccine efficacy against severe illness as:
Definition 2.3 (Vaccine efficacy against post-infection outcome).
VE; =E[Yi(0) - Y;(1) | §/* = (1, D]/E[Yi(0) | 5 = (1,1)].

The severe illness vaccine efficacy can be seen as the percent change in risk of severe
illness conferred by receiving a vaccine conditional on belonging to the always-infected
principal stratum. VE; is a principal effect as defined in Frangakis & Rubin (2002) because
it is conditional on a principal stratum.

The fundamental problem of causal inference (Holland 1986), namely that we cannot
observe all counterfactual outcomes for the same individual, prevents the development of a
simple ratio estimator because the observed data cannot determine which individuals belong
to the always-infected stratum (Hudgens & Halloran 2006). In fact, in the next section, we
will show that no single parameter of the probabilistic model implied by Assumptions 2.1
to 2.2 can be identified by the data, and that definition 2.3 is also not identified by the

data.

2.2 Principal effect identifiability

Identifiability is an asymptotic property of a statistical model characterized by a unique
map from parameter values to distribution functions. It is a key assumption for much of
asymptotic theory, including Bayesian posterior consistency, (Keener 2010, Van der Vaart

2000), and thus is useful to characterize. Rothenberg (1971) formally defines identifiability:
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Definition 2.4 (Parameter identifiability). Let 6 € © be a parameter indezing a parametric
density function f(y | 0). 0 is identifiable if there does not ezist a parameter value 0" € ©, 60" #

0 for which the density f(y|0) = f(y|0") for all observations y.

To determine the identifiability of vaccine efficacy against a post-infection outcome like
severe illness, we define how the counterfactual model governs the observed data distribu-
tion. Let py,. = P(S; = s,Y; =y | Z; = z) be the observable probabilities of an infection
outcome s, a post-infection outcome y given a vaccination status z, and let p,,, be the
marginal probability of infection given vaccination, or P(S; = s | Z; = z). We now define the
parameters for the counterfactual probability model. Let u € {(0,0),(1,0),(0,1),(1,1)},
0, = P(SP =), and B* = P(Y;(2) = 1| S/ = u). The map from the model parameters to

the observable probabilities is:

D110 = 9(0,1)580’1) + 9(1,1)581’1), P11 = 9(1,0)551’0) + 9(1,1)59’1)

poo =00 (1= 65"7) + 00 (1-65"7) - puor =0y (1-51"7) + 60y (1-617).

The joint distribution of the observed data has only 4 independent quantities, but the
probability model has 7 parameters. Thus, the observable probabilities cannot be uniquely
mapped to counterfactual probability model parameters, and the model parameters are not
identified.

In this formulation VE; can be written in terms of the observable probabilities and

three unidentified parameters Béo’l), Bfl’o), Oc1,1)-

10
VE;=1- i _q _bmi- B (pran - O.n) (2)
5 pio = B (1o = 0

In fact, the structure of the model is such that no single counterfactual model parameter is

identifiable without restrictions on the principal stratum proportions. In order to identify
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Equation (2) with observed data, one needs to learn 9(1,1),ﬁfl’0), ((]0,1)_ The form of the
estimand suggests several identification strategies.

One strategy is to assume that no participant is infected when vaccinated and uninfected
when given the placebo. This assumption leads to 01,0y = 0, 0(1,1) = p1+1, and ﬁfl’l) = P11
(Gilbert et al. 2003, Hudgens & Halloran 2006, Zhou et al. 2016). A consequence of this
assumption is that vaccine efficacy against infection is nonnegative with probability 1. VE;

then simplifies to

P111
VE;=1- , (3)
P11o + 550’1) (P1+1 — P1+0)

If we further assume that the distribution of severe illness is mean-independent of study
site, we can use the variation in infection rates by study site to identify Béo’l) (Jiang et al.
2016, Yuan et al. 2019).

In some trials monotonicity may be appropriate, but it is not an assumption that is made
when assessing vaccine efficacy against infection (Wang, Zhou & Richardson 2017, El Sahly
et al. 2021). Accordingly, two separate analyses must be performed to assess the two efficacy
estimands. The price for two-step procedures is two-fold: two-step estimators are often less
statistically efficient, and it may be harder to communicate results to stakeholders because
two sets of assumptions are needed. Assuming monotonicity also complicates using the
results of past vaccine efficacy trials as priors for future studies. If past trials have confidence
intervals for vaccine efficacy against infection that include negative values, it is not clear
how to incorporate this information into a prior over a parameter that excludes negative
values by design.

Monotonicity may be violated if some participants are inadvertently unblinded during
a vaccine trial due to post-vaccine side effects (also known as reactogenicity). Participants

who experience strong side effects may infer they have received the vaccine and may take
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fewer prophylactic precautions than if they had been in the placebo group.
Further complications arise from the fact that infection and post-infection outcomes
are observable only through proxy variables, S; and Y; with unknown sensitivities and

specificities. Let the observable probabilities g, = P (S’Z = s, 171 =y | Z; = z) be defined as

sy = sn%(1 —sng) sn¥ (1 —sny ) pyq, +sng(1 - sns)l‘ssp;y(l - spy )YPio-

+ Sp}{s(l - Sps>85p;y(1 ~ 5Py )YPosz-

As above, let q.,. = P(YQ =y | Zi=2), Qo2 = P(S’l =s| Z; =z), and B?; = P()N/z(z) =1]
SZ.P = ). Under this probability model, the causal estimand of interest, or vaccine efficacy

against severe illness caused by influenza, is

»(1,0 +1—(1-s
VE, = 1- Q+11—(1_Spy)_(5f )_(1_SPY))(W_9(M)) (4)
n(0,1 +0—(1-s
Q+10—(1‘SPY)‘(5(S )‘(1‘SPY))(%ps—pf)_9(l,l))

This expression involves nonidentifiable causal parameters Béo’l), 5‘{1’0), 01,1y as well as the
unidentifiable measurement error parameters sng, spg, Spy -

Thus, one cannot identify the estimand of interest without additional information. The
next section outlines how we can use the structure of multisite randomize trials for vaccine

efficacy to infer post-infection outcome vaccine efficacy.

2.3 Incorporating study-site and covariate information

Enrollment criteria for vaccine efficacy trials typically stipulate that patients with a history
of infection or a recent infection with the pathogen of interest are excluded from the trial.
Furthermore, multisite studies typically rely on study sites themselves to recruit patients
for the trial, which mean that site-specific full patient accrual may occur at different times
(Weinberger et al. 2001). Because enrollment is conditional on the patient-specific lack of

infection and intersite patient enrollment may systematically differ, patients at different
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study sites can have different times at risk for infection prior to the study. To the extent
there is patient-level frailty in time to infection, this can lead to patients who are enrolled
later in the study as being less frail than those enrolled earlier. It is reasonable to assume
that patient frailty is related to principal strata, and thus it is reasonable to assume that
study site is not independent of principal strata given covariates.

Another reason to expect that the distribution of principal strata is not independent
of study site is variation in exposure to the pathogen of interest between study sites.
Variation in disease prevalence during the trial can lead to variation in rates of infection,
and, subsequently, principal strata at the study site. Multi-scale spatial variation of disease
prevalence is a hallmark of infectious disease (Bauer & Wakefield 2018). Thus, if study
sites are sufficiently separated geographically, it is reasonable to expect that the study
site variable is predictive of exposure during the duration of the trial. This variation in

exposure should lead to variation in principal strata due to differences in exposure.

Assumption 2.4 (Study site relevance). S s conditionally dependent on study site af-

1

filiation and baseline covariates, or R; f ST | X;.

This is a common assumption in multi-site principal stratification modeling, but it is
one that is especially reasonable in vaccine efficacy trials. See Yuan et al. (2019) and
references therein.

Another key feature of vaccine efficacy trials is that patients’ susceptibility to the
pathogen of interest is assessed via comprehensive baseline measurements of correlates
of protection. For example, in influenza trials it is common to measure the pre-season,
pre-vaccination (i.e. baseline) influenza antibody concentrations via hemagglutination in-
hibition (HAI) assays or neuraminidase inhibition (NAI) assays against different strains

of influenza (Monto et al. 2009). These assays are categorical measurements generated

15



from serial two-fold dilutions of patient serum samples; high titer values are associated
with lower infection risk, and can be considered surrogates for past infections and/or past
influenza vaccinations (Zelner et al. 2019). Given the fact that the participants will be
inoculated against influenza, it is reasonable that the measurements of these values are
not independent of principal strata. We will call these measurements A;, and assume that
A )L SiP °| X;. The structure of multisite randomized trials is such that we make two further
assumptions about the joint distribution of covariate values A; and potential post-infection

outcomes (Y;(1),Y;(0)). Formally,

Assumption 2.5 (Covariate homogeneity). A; is conditionally independent of the study
site and treatment assignment given the principal stratum and baseline covariates, or A; 1L

Riazi | S‘PO7X1'7 and

7

Assumption 2.6 (Causal Homogeneity). Conditional on principal stratum SZ.P" and A;, X;,

the potential outcomes (Yi(1),Y;(0)) are independent of R;, or (Yi(1),Yi(0)) 1L R; | SF°, A;, X;.

These two assumptions are crucial for the nonparametric identifiability of vaccine ef-
ficacy against post-infection outcomes. Both assumptions depend on the validity of the
measurements A; being a good proxy for infection risk frailty and post-infection outcome
frailty conditional on principal stratum.

Assumption 2.5 is equivalent to assuming that individuals’ covariate measurements A;
are exchangeable within strata defined by (X; = x,SiP 0 = u); it is thus similar to the
assumption of no unmeasured confounders in observational trials. The randomization of
treatment assignment assures the independence of A; and Z;. The conditional independence
of A; and R; given other baseline covariates and principal stratum means that A; must
measure baseline biological predisposition to infection and predisposition for vaccine efficacy

against infection; if these characteristics are captured by A;, then conditional on principal
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stratum, or the joint measurement of infection under placebo and infection under treatment,
there should be no variation between study sites. The independence assumption may be
characterized as A; being a measure of susceptibility to infection, while R; affects the frailty
of infection conditional on being susceptible. A priori, there is no reason to assume that
susceptibility to infection, conditional on principal stratum varies by study site. (Longini
& Halloran 1996, Aalen et al. 2008).

Assumption 2.6 is equivalent to assuming conditional exchangeability of Y;(z) within
strata defined by (X; = x, S/ = u, A; = k) (Saarela et al. 2023). Assumption 2.6 is commonly
assumed in vaccine efficacy trials (Tsiatis & Davidian 2022), and is justifiable given the
conditioning on A; and other pretreatment covariates. We may loosen Assumption 2.5 by
employing a parametric model for A; | R;, ST, X;. This is discussed more in Section 3.2.

Under Assumptions 2.3 to 2.6, we can define the joint distribution of influenza test
results, reported severe illness, and pre-season antibody concentration given treatment
assignment and study site membership.

Let 0" = P(S/* =u | Ry = r,X; = x) for u € {(0,0),(1,0),(0,1),(1,1)}. Let u, =
P(Si(2) =1| S =u). Let a;"" = P(A; =k | S° = u, X; = x), and B =PYi(z)=1] St =
u, A; = k, X; = ). Further, recall sng = P(S; =1|S;=1),spg = P(S;=0]S; =0) and sny =
P(Y;=1|Y;=1),spy = P(Y; =0]Y; = 0). Let the probability of observing an influenza
test result s and a covariate level k given treatment assignment z, study site membership
r and pretreatment covariates x, or qgzre = P(SZ =s,Ai=k|Z =2 R =r,X; =1x), be

defined as:

U, T, T U,x NT,T

— 1- 1-
QSk|z7"x = Snss(l - SnS) s Zu|ueS,uz=1 A Uy + SPg 5(1 - SpS)S Zu|u€$,uz:0 Q. Uy -

Similarly, we define the probability of observing a reported severe illness outcome y

given treatment assignment z, study site membership r, and pretreatment covariates x, or
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Qy|kzrm:P(}N/;:y|Zi:zvRi:T7Ai:kaXi:$)a as:

Qykere = 5 (1= 50y ) By B0
1- s 3 3
+ SPy y(l - SpY)y(ZuhLeS,uZ:l(l - 52;)021 + Zu|u€8,u2:0 917;:1?)

In designing a clinical trial in which a primary or secondary endpoint is severe illness,
limiting the definition of severe illness to encompass only the most extreme illness can at

once increase the sensitivity and specificity of reporting.

2.3.1 Identifiability of expanded model

Given assumptions Assumptions 2.3 to 2.6, we will show that the joint variation in ob-
served antibody concentrations and infection rates across study sites identifies the joint
distribution of principal strata proportions and covariate values by study site. Then, given
sufficient variation in principal strata proportions between study sites, the distribution of
post-infection potential outcomes can be identified as well.

The proof depends on representing the observed distribution g, as a 3-way array and
using a modified tensor decomposition uniqueness theorem from Kruskal (1977). Kruskal’s
theorem defines sufficient conditions for the uniqueness of the triple product decomposition

of L, where this product is defined in Definition 2.5.

Definition 2.5 (Array triple product). Let the array triple product with resulting array
L e RIX*K pe defined between matrices A € RPXM B e R/*M (' e REXM - The operation is
represented as L = [A, B,C]. As a result, the (i,7,k)™ element of L, Lyjy, is defined the

sum of three-way-products of elements am,bjm, Cim, t.€.:
M
Lijk = Z aimbjmckm-

m=1

The sufficient conditions concern the Kruskal ranks of the matrices A, B,C', defined in

Definition 2.6.
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Definition 2.6 (Kruskal rank). Let the Kruskal rank of a matric B € RPM be kg €
[0,1,2,...,M], and let kg be the maximum integer such that every set of kg columns

of B are linearly independent.

Kruskal rank is stricter than matrix rank. To see why, consider a matrix with M
columns of which two are repeated. At most the rank of the matrix can be M -1, but
Kruskal rank can be at most 1. A corollary of the definition is that if a matrix is full
column rank, its Kruskal rank equals its column rank.

Let L be the 3-way array representing gs.,,, Where we fix X; = x for each unique
value of X;. The array’s dimensions are 4 x N, x N, and is defined so that the (j,k,r)®™
element P(S;=1(j<2),A;=k|Z=j-1mod2,R; =r,X; =x). If we look at the matrix
that results from fixing the third array index, also known as the 3-slab and denoted as
L, e R¥Na we can see a possible decomposition of this array. Let Y, _ a0, denote the
sum over elements u € {(0,0), (1,0),(0,1), (1,1)} such that P(S;(z) = 1| S =u). The let

L, be defined as

(a=1) (a=Nqa)
(1-5pg) Tug-0 al""0," +sng Yuo=1 a”"oy" ... (1-3spg) Xug-0 a;t]’fQZ’x +80g Yy-1 a?\;:OZ’x (s=1,2=0)
(1-spg) Zulzoaqf’m&:’m+sns Yug=t a;"”e;’” coo (1=spg) Ty, -0 a}f]’:@gm+sns Tug=1 ax,’:&:’m (s=1,2=1) .
SPg Tug=00a1" 00" + (1 -sng) Tygm1 a7700" ... spg Dygmoan, 00 + (1-sng) Xy ay 00" | (s=0,2=0)
Spg Zmzoaqf’zegz+(1—sn5)2u1:1 a?’z&’;’z coo SPg Xuy=0 a}f;j@sz+(1—sns) Yup1 a;‘\,’ZQZ’Z (s=0,2=1)

This structure allows L to be defined as the triple product of three matrices:

Py(8| Z,87) e R Pr(A| SPo) e RNx4 pPr(§P | R) e RN,
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The matrix Py(S | Z, SP) is defined as

(0,00 (1,00 (0,1) (1,1)
1-spg 1-spg sng sng (s=1,2=0)
Py(S|Z,8%)=|1-sps  sng l1-spg  sng (s=1,2=1) (5)
SPg SPg l-sng 1-sng| (s=0,2=0)
| spg 1-sng SPg 1-sng| (s=0,2=1)
The matrices Py(A|S™), Py (S™ | R) are defined
(0,0),z (1,0),z (0,1),x (1,1),x r1,T T9,T TNy T
ay a; a ay 9((1)70) «9(870) H(é\io)
(0,0),z (1,0),z (0,1),x (1,1),z 1,2 T9,T TN, »T
a a a a 0 0 a5
P2x(A | SPO) — 2 2 2 2 , P;(SPO | R) — (170) (170) (170)
71,T 72,T TNy
by Y0 b0
(0,0),z (1,0),z (0,1),x (1,1),z T1,T T9,X TNy &
| “N, an, an, N, ] _9(1,1) 9(%,1) 0(ﬁ1) |

We show in Lemma C.3 that when Py(S | Z,5), Pf(A | SP), P¥(SP | R) satisfy
certain Kruskal rank conditions, along with reasonable conditions on sng and spg, the joint
distributions P(S/® =wu, Ay =k | Z; =2, Ry =7, X, =), P(Yi(2) = 1| S =u, A; = k, X; = x)
are strictly identified. Furthermore, we show that sng,spg, and spy are also identified.

Formally,

Theorem 2.7 (Identifiability of causal model parameters). Suppose that Assumptions 2.3
to 2.6 hold. If both sng,spg lie in [0,1/2) or both lie in (1/2,1], Py(A | ST) is Kruskal
rank 3 or greater for all x and Py(STe | R) is rank 4 for all x, then both sng,spg are
identifiable, as are the following distributions: P(S/® = (m,n) | Ry =r,X; =), P(A; = k |
S = (myn), Xi=x), ke{l,...,N.}, re{l,...,N,}, (m,n) € {(0,0),(1,0),(1,0),(1,1)}.
Furthermore, if sny is unknown (known), distributions P(Y;(z) = 1|5 =u, A; =k, X; = v)

are identifiable up to an unknown (known) common constant, ry = sny +spy — 1.

A consequence of Theorem 2.7 is that the marginal distribution of reported severe illness
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among the always-infected stratum is identified, or P(Y;(2) = 1| 7 = (1,1), X;). To see
why, note that the conditional counterfactual distributions for Y;(2) | S = (1,1), A;, X;
are identified, along with the distribution of A; | S = (1,1), X;. The following corollary
marginalizes over A; to yield identifiability of the population distribution Y;(z) | sh =

(17 1)7Xz

Corollary 2.8. By the conditions set forth in Theorem 2.7, P(A; =k | Sfo =(1,1),X;=x)
and P(Yi(z) = 1| S = (1,1),4; = k, X; = x) are identifiable for k € {1,...,N,}. Let
PY(2)=1]8/°=(1,1),X;=2) =X, P(Ai =k | S = (1,1), X; =2)P(Yi(z) = 1| S =
(1,1),A; =k, X; =x). Then P(Yy(2) =1|8/*=(1,1), X, =2),P(A; = k| S/ = (1,1), X, =

x), and P(Y(2); = 1| 8P = (1,1), 4; = k, X; = z) are identifiable.

Given that the marginal distribution of reported severe illness for the always-infected
stratum is identified, along with spy-, we can write the estimand of interest, the vaccine
efficacy against severe illness within the always-infected stratum explicitly. To see why,
note that for any latent binary random variable () and its measurement, Q with associated

sensitivity sng and specificity spg, we have the following identity:

P(Q=1)-(1-5pg)

P :1 —
(@=1) sng +spg — 1

Then employing Equation (6) yields:

V(1) S/ =(1,1)]
(0) |57 = (1,1)]

)5/ =(1,1)] - (1-spy)
ISPO = (L1)]-(1-spy)

ﬁﬁﬁﬁ

We have thus shown that VE; is point identified without needing to identify sny. This
estimand marginalizes over the population distribution of X;, which may be known, or may

be estimated.
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Moreover, the identifiability of the conditional counterfactual distributions P(Y;(z) =

1] SiP °=(1,1),A; = k, X; = x) allows for causal effect heterogeneity by covariate A;.

Definition 2.7 (Conditional VE against post-infection outcome Y).

E[Vi(1) |5 = (1,1), 4 = k] - (1-spy)
E[Yi(0)|S" = (1,1), A = k] - (1-spy)

VE; (k) =1-

Again this estimand marginalizes over X;.

2.4 Asymptotic variance for VE;

For the moment, suppose that our target of inference in VE;. Let Bﬁl’l) be the estimator for
E [fﬂ(z) | S/ = (1,1)] and let 5py be the estimator for (1-spy-). One can show that a valid
estimator for the vector (spy, 5,50’”,52(1’0), 69’1)) is the least-squares estimator obtained by
projecting the site-specific counts of severe illness conditional on Z; = z onto the column
space of the estimated matrix Py (ST | R), or the proportions of principal strata by study

site. This estimator naturally marginalizes over A;. The plug-in estimator therefore has

the form
(L) =
o= 1 - Spy
VEr=1-2an =
o ~—SPy

We can use the delta method to characterize the asymptotic variance of the estimator.

Var (\7@1) = (Var ( Afl’l)) +(1-VE;)* Var ( Aél’l)) + VE7Var (@Y)

(ry 3512
A(1,1) A(1,1) A(L1) =
—2(1—VE])COV( 1 5 )—QVEICov(ﬂl ,Spy)

+ 2VE;Cov (Bél’l),@y) )
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Given the symmetry of the estimators, Cov( Aél’l),ﬁy> = Cov (59’1),@1/), so the asymp-

totic variance simplifies to
Var (@1) = _ Var( A(l’l)) +(1- VE,)2 Var( A(l’l)) + VE7Var (@ )
(ry 55D)? 1 ' e
-2(1- VE;)Cov (310, 41V) )

Under the causal null hypothesis of

élvl) = g — VE; = 0, this expression

simplifies to the following

Var (\7E1) = (Var( A£1,1)) + Var( Aél,l)) B 200\7( A§1,1) A(()1,1)) )

We show in the appendix that the asymptotic variance-covariance matrix for (BS’”,@Y)
can be partly characterized in terms of N, and the Moore-Penrose inverse of Py (S | R).
As shown in Section [.0.1, the variance of the estimator increases in the number of study
sites, N,., though if we consider study sites to be drawn from a superpopulation of study
sites as they do in Yuan et al. (2019), then increasing the number of study sites allows for
more precise estimation of the matrix of second moments of P, (S | R).

The identifiability results presented in this section are in fact a special case of identifia-
bility results related to multiarm multisite trials. Because of this, the discussion of the proof
and the implications are deferred until the next section, which outlines the generalization

to two or more treatments.

3 Vaccine efficacy in multiarm, multisite trials

Many vaccine trials involve more than two treatment arms. For example, Monto et al.
(2009) compares the absolute and relative vaccine efficacy of an inactivated influenza vac-

cine and a live attenuated influenza vaccine against two placebo arms. The results of trials
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such as these can inform public health vaccine policy as well as suggest new directions for
vaccine development.

Mirroring the notation presented in Section 2, for n total participants we observe the
following sextuplet for each participant i: (S,-,f/i, Zi, R, A, X;). Like Section 2, S;,Y; are
imperfectly observed proxies for true infection status, S;, and true severe illness status, Y;.
In contrast to Section 2, Z; is a categorical variable with N, > 2 categories representing
treatment assignment. Let Z; € {z1,...,2n.}. The variables R;, A;, X;, study site mem-
bership, pretreatment measurement of susceptibility to infection, and other pretreatment
covariates, are defined as in Section 2. True infection status S; and true severe illness
status Y; are assumed to be partially-observable realizations of counterfactual variables
Si(z),Yi(z,S;(z)), where z is a given n-vector of treatment assignments for each individ-
ual. The counterfactual variables are so-named because these variables are defined for
any z, which is possibly different from the collection of observed treatment assignments
{Zy,...,Z,}. Our causal model enforces the constraint that Y;(z,0) = » for all z, meaning
that severe illness is caused by an influenza infection; without an influenza infection there
can be no severe illness caused by influenza.

Like Section 2, we assume SUTVA, as is typical in vaccine trials (Gilbert et al. 2003); we
also continue to assume Non-differential Misclassification Errors. Furthermore, we assume

random treatment assignment in the multiarm setting.

Assumption 3.1 (Random treatment assignment multiple treatment). The probability of

being assigned to treatment for each individual lies strictly between O and 1:
0< P(ZZ =Zj | SZ‘(Zl),Y;‘(Zl,S(Zl)), ey SZ‘(ZNZ),Y;(ZNZ, S(ZNZ))) <1

for all z; € {z1,...,2n.}.
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Treatment assignment s independent of all potential outcomes, or
Si(z1),Yi(z1,5(21)),...,Si(2n.), Yi(2n,, S(2n.)) 1L Z;.
Assumption 2.1 and assumption 3.1 allows us to write the variables S;,Y; as
Si=Y0A Si(z)1(Zi = 2), Yi=X04Yi(2,8(2))1(Zi = %) (7)

In keeping with the expanded set of treatments, let principal stratum, SZ.P . be defined

as the ordered N,-vector of counterfactual infection outcomes for unit ¢, or
S = (Si(21), Si(22), ., Si(zn.)), Sil(z) € {0,1}, 1 <j < N,

and let the set of all principal strata be denoted as . When the set of principal strata
is not restricted S = {0,1}"=. As in Section 2.2, let u be an element of S, and let u; =
P(Si(z) =1 P = u).

It is typical to restrict the set of principal strata as the size of S grows because the
dimension of the parameter space grows quickly. For example, monotonicity assumptions
can be generalized to three treatments, as in Yuan et al. (2019) or Cheng & Small (2006).
Another strain of research places strong assumptions on treatment ordering, such as Luo
et al. (2023) and Wang, Richardson & Zhou (2017). We do not make such assumptions
and allow for an unrestricted space of principal strata.

In the multiarm setting, we will modify our definition for the vaccine efficacy estimands.

Vaccine efficacy against infection is now defined for any two treatments, z; and zj:
Definition 3.1 (Vaccine efficacy against infection z; versus zy).
VEsr = 1 =E[Si(2)] /E[Si(z)].

Vaccine efficacy against severe illness is well-defined for any principal stratum u and
any two treatments z; and zj, such that P(S;(z;) = Si(zx) = 1| S = u). The principal
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strata that admit a well-defined principal effect is defined as:
Uz {ueS| X u, > 1),

Then for any v € Y we may define the following principal effect for any two treatments z;

and 2, such that wju = 1:
Definition 3.2 (Vaccine efficacy against post-infection outcome Y).
VE} ;i = 1-E[Yi(z) | S/ =u] [E[Yi(2) | 5/° = u].

VEY ;1 is a principal effect as defined in Frangakis & Rubin (2002) because it is condi-
tional on a principal stratum u. For example, when N, = 3, there are 8 principal strata,
three of which would admit comparisons between two treatments: (1,1,0),(0,1,1),(1,0,1),
and one of which would allow for comparisons between all three treatments: (1,1,1). For
patients with SiPO =(1,1,0), ug = 1,us = 1,u3 = 0. Given that ujus = 1, we may compare
Y (21) to Y (z,) among this group of patients. Like the two-arm setting, in which S/ = (1,1)
is the “always-infected” stratum, the stratum S/° = {1}= is the “always-infected” stratum
in the multiarm trial.

To give a concrete example about how one might use the expanded definition of vaccine
efficacy against severe illness, we will use Monto et al. (2009) as an example. Monto et al.
(2009) treated the four-arm trial as a three-arm trial by combining the two separate placebo
arms into one unified arm. Given that both placebo arms received inert treatments, albeit
via different routes of administration, this is a reasonable assumption. The aim of the trial
was to measure the absolute and relative efficacies against symptomatic influenza; thus, it
is of interest to infer the relative efficacy against severe illness given influenza infection for

the two competing vaccines. The following causal estimand captures this effect:

E[)/’L(ZQ) | Sz'PO = (17 L, 1)] _E[K(Zfi) | SiPO = (17 L, 1)]
E[Y;(zl) | SzPO = (1’ L 1)]

1,1,1 1,11
:VE§,31 )_VEEQI )- (8>
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As in Section 2, we will assume Causal Homogeneity:

Assumption 3.2 (Causal Homogeneity for multiarm trials). Conditional on principal stra-
tum S°, A;, and X; the potential outcomes (Yi(z1),...,Yi(2x.)) are independent of R;, or

(Y;(Zl), . ,Y;(ZNZ)) 1N Rz | SZ-PO,AZ',Xi.

In order to expand the causal model, we shall update some of the notation introduced

in Section 2 to the multiarm trial. Let 6" = P(S/® = u | R; = r, X; = x) where u € {0, 1}V,
and 8757 = P(Yi(z;) = 1| S = wu, Ay =k, X; = ). Let uj = P(Si(z;) = 1|57 =u). Then
¢ 1s only defined for j such that u; = 1. Further, let a;* = P(A4; = k | SP =, X; = 7).

Let quifjre = P(SZ =s,A;=k|Z; =2z R;=r,X; =x) be defined as

U, NTT U, NT,T

1- _
Qsljra = SNG(1 = 805) "™ X yjues usm1 @ 00" + D5 (1= 5Pg)* Xijues,ug=0 ap Ou™

The observable probabilities qyjre = P(Y; =y | Zi = zj,R; =1, A; = k, X; = x), which

marginalize over the observed infection test results, are defined:

_ i _ 1—y U, T NTr,xT
Qy|kjre = SHY(]. SIly) Zu|u€$,Uj:1 gk 0.

+ Spif_y(l - SpY)y(Zu\UGS,ujzl(l - B;f}j)gzx + zu|u€8,uj-:0 9;';’:6)

3.1 Identifiability of multiarm, multi-site trials

Our strategy will be the same as in Section 2. Fixing x, we can rewrite gy, as a 3-way
array, L and subsequently use Kruskal rank conditions to characterize the uniqueness of the
array decomposition. Let L be the 3-way array representing ggr.. The array’s dimensions
are 2N, x N, x N, and is defined so that the (j,k,r)" element P(S; =1(j < N,),A; =k |
Z = Zj-1mod N.+1, Ri =, X; = ). Again, we look to the 3-slab, denoted as L, € R2NV=xNa,

U, NT,T

to yield a possible decomposition of this array. As above, let )7, _ a, 0" denote the sum
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over elements u € S such that P(S;(z) =1| S/ =u). Let L, be defined as

(a=1) (0= Na)

[ u,T pT,T u,T pT,T u,T pT,T u,T pr,T | _ _
(1-spg) Zu21:0a1 W+ sng Zu21:1a1 0., ... (1-spg) Zu21:0aNa W+ sng Zu21=1aNa9u (s=1,z=21)
(1-5pg) X, =007 00" +sng X, 2107700 ... (1-spg) Ty, —oay, 0u" +sns X, —1ay. 00 [(s=1,2=22)

U, T nr,xr u,Tr nr,x U, nr,xr U, T nT,T
(1-spg) Xy, =00y O +sng X, -1a770," ... (1-spg) X, —oay, 0" +sng Yu,. =1@ a9u s=1,z=zn,)
N, N, Nz Nz
U, nr,xr U, nr,xr U, nr,xr U, T nr,xr
SPg Lu. =00y 00"+ (1-sng) Xy, 2107°700" ... spg X, —oay. 0" +(1-sng) X, —1ay 0" [(s=0,2=2)
U, nr,xr U, nr,xr U, nr,xr U, T nr,xr
S S, 20 AL TOLT + (1=sng) B V7007 L. spg Ty, 0k T0uT + (1-sns) Ty g al0L" [(s=20,2= 2)
U, nr,Tr u,r nr,xr U, nr,T u,r nr,xr
LSPs ZuzNz =00y’ 0" + (1_SHS) ZuZNz =10y’ 6. .- SPg ZuzNz =0 a]\;a 0 +(1_SHS)ZuzNz =1 a]\]’a 0" s = 072=ZN2)

Following the same logic as Section 2, we can define matrices encoding the distribution
of principal strata by study site, and the distribution of pre-season titers by principal
stratum. In order to define these matrices such that they share a common ordering along
the axes defined by the principal strata, we shall use the the natural ordering of the binary
vectors SiP 9: the base-10 representation of the principal stratum. In order to formalize this
ordering, we define a map, w,,(j), which generates the m-digit binary representation of
the integer j as a length-m binary vector. We also define its inverse, w,,(u)™!, where u is

an element of S.

Definition 3.3 (Base-10 to binary map). Let the operator w,, be defined as w,,(-) : j —
{0,1}™, 7 e N, j <2m—1 with elements w,,(j); € {0,1}, so w,,(j) is the base-2 representation
of j with m digits represented as a binary m-vector. The binary representation is indexed
so the i element of the vector corresponds to the digit for 2i-1. Let the inverse operator
wl(+) : {0,1}™ — j, or the binary to base-10 conversion. Let digit i of w,,(-) represent the

digit for 2171,
For example, w3(4) = (0,0, 1), ws5(4) =(0,0,1,0,0), and w3((0,0,1)) = w5((0,0,1,0,0))~! =

4. In order to see how § is ordered, suppose that N, =3 so § = {0,1}3. Then the third and

fourth elements of the ordered set of principal strata are (0,1,0) and (1,1,0) respectively.
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With this ordering defined, let the matrix Py (A | S™) in RNax2" encode the distri-
butions A; | SF°, X; with (k, 7)™ element Py, (A; = k| S = wy.(j - 1), X; = x). Let the
matrix P§ (S™ | R) in R2%*Nr encode the distribution S/ | R;, X; with (k, 7)™ element
P (S =wyn (k-1)| R =j,X; = ).

Finally, let matrix Py, (S | Z, SP0) € R2V=x2"* with (k, ;)™ element
SN0 K (1= spg) N0 DR (k < N, ) + (1 - sng) =GN0 Dkovag (5 V).

Let Py (S™ | R = r) be the r'® column of matrix P§ (S | R). Then L, can be

represented in matrix form as
L, = Py.(S| Z,8%)diag(Px_(S™ | R=7r))P§ (A] S™)"

This structure again allows us to define L as the triple product of these three matrices,

each of which have columns that correspond to principal strata:
L=[Py.(S]Z,5%), Pi (A|S™), Py (S| R)"].
The conditions for the identifiability of the model parameters are outlined below:

Theorem 3.3. Let N, > 2. Suppose Assumptions 2.5 to 2.1,Assumption 2.5, Assump-
tion 3.1, and Assumption 3.2 hold. If both sng,spg lie in [0,1/2) or both lie in (1/2,1],
Py (A]SP) is at least Kruskal rank 2V- =1 and Py_(S* | R) is rank 2N+ for all x then
the counterfactual distributions P(SX° =u| Ry =r,X; =), P(A; =k | ST = u, X; = x) are
identifiable as are the quantities sng,sps,spy,VE}‘,jk(k), and VE} ;. Furthermore, if sny
is unknown (known), distributions P(Yi(z;) =1] S/ =u, A; = k, X; = 2) are identifiable up

to an unknown (known) common constant, ry =sny +spy — 1.

Theorem 3.3 allows for a more realistic model of infection measurement than Hudgens

& Halloran (2006) and does not require any restrictions on the space of principal strata.
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The primary benefit of an unrestricted principal strata distribution is that we can jointly
infer vaccine efficacy against infection and vaccine efficacy against a post-infection outcome.
This will aid in designing comprehensive randomized trials for vaccine efficacy.

The proof of Theorem 3.3, shown in Section E is related to the methods in Jiang et al.
(2016) and Ding et al. (2011). Ding et al. (2011) addresses problems of identifiability
in survivor average treatment effects, which is mathematically analogous to vaccine effi-
cacy for post-infection outcomes, by measuring covariates that are related to the principal
strata. Jiang et al. (2016) identifies principal causal effects in binary surrogate endpoint
evaluations. Despite not being mathematically identical to vaccine efficacy, binary sur-
rogacy endpoint evaluation is ultimately a problem in identification of principal causal
effects. Most importantly, the proof does not encode any restrictions on the distribution
of secondary outcomes, otherwise known in our case as the post-infection outcomes. This
makes the result applicable to categorical or continuous post-infection outcomes, and, more
broadly, to principal stratification problems outside the scope of vaccine efficacy.

The identifiability results in Theorem 3.3 suggest the following so-called transparent
parameterization': (5}, spy,sny) = (p;y = (sny +spy —1)375 + (1 -spy),spy,sny) . The
quantities ﬁ;‘,f =P(Y;=1|2 = 2, Sl.PO =u,A; = k) and sp, are identified by the data, while

sny is not. This yields the following asymptotic identification regions for sny and B;.‘}f:

Sy € (max(ﬁf"’”) 1) B e ‘ﬁj:k — (1 -spy) ﬁj,,k - (1 -spy) (9)
z,u,j,k g,k /0 ) 7,k SPy ’ maX%u%k(ﬁ;’g) + Spy — 1

This may be useful for policymakers interested in absolute risk of post-infection outcomes
to forecast the burden on healthcare centers under different vaccination policies.

We will present a final corollary that will be useful in our applied examples:

1See (Gustafson 2015) for more details on inference in partially identified Bayesian models
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Corollary 3.4. Suppose in addition to Assumptions 2.3 to 2.1,Assumption 2.5, Assump-
tion 3.1, and Assumption 3.2, researchers do not directly observe A;, but instead observe
a misclassified version of A;, A;, such that the following nondifferential error assumption
holds: A; 1L gi,f/i,Y;(zj,S(zj)),Ri,Zi,SfU | A;, X;. If both sng,spg lie in [0,1/2) or both lie
in (1/2,1], P]”f,z(fl | S*0) is at least Kruskal rank 2N=~1 and Py (S™ | R) is rank 2N+ for all
x then the counterfactual distributions P(ST° =u | Ry =7, X, = x), P(A; =k | SP =, X, =
r) are identifiable as are the quantities sng,spg,spy, and VE7 ;. Furthermore, if sny is
unknown (known), distributions P(Yi(z;) = 1|8 =u, A; = k, X; = x) are identifiable up to

an unknown (known) common constant, ry = sny +spy — 1.

The proof, shown in Section E, follows directly from the proof of Theorem 3.3 and the
nondifferential misclassification error assumption for A.

While misclassified A precludes learning heterogeneous treatment effects, marginalizing
over the identifiable distribution A; | SPo, X; will yield the average post-infection vaccine

efficacy.

3.2 Models, priors and sensitivity analyses

Under the assumptions laid out in Section 3 the observational model is a multinomial
random variable for each study site and treatment group.

Let figy(j, 7, 2) be Dp 1(S;=8) 1 (Yi=y) 1 (Zi=2) L(Ri=7) 1 (A4; = k) 1 (X; = x), and
let the error-free partially-observed causal model probabilities pgypjjrs = P(S; = 5,Yi =y, A; =

k|Z;=z;,R; =r,X; =x) be defined as:
plyk\jrw = Zu|ue8,uj:1 a:@ 17;737(/6;}:3)3;(1 - B;'f,kx)liya pO*k\jr = z'u|ueS,uJ':0 a:,x 17;71’, (10)

where we note that poix)jr, = 0 for all k, j,7. Then we define the observable joint probabilities
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Qyrljre = P(Si = 8,Yi=y, Ay =k | Zi=z;, Ri=7,X; =) as

quk|jr$ = Snf;(l - SnS)lissng{/(l - SnY)liypllkjm: + Snss(l - SnS)lisSp%/_y(l - SpY)ypl()kjrx

+spg °(1- SPS)SSPly_y(l — SPy )Y Poskjra;

This allows us to define the observational model as:

(ﬁool(j7T7$),77L011(j,1”,.z‘)7ﬁ101(j7 T,ﬁ),ﬁlll(j,’f‘,ﬁ), s 7777/00]\]@ (j?rvz)7ﬁ01NQ (.77 T7x)7ﬁ10Na (j?’r?x)vﬁ/llNa (j,T’,Z‘)) ~
Multinomial(n(j,7, ) | goo1|jre> Q011]jre> 9101|jras A111)jres - - s Q00N |jra> 401 N, |jras 910Nq jre> D11 Na|jra)s (11)

je{l,...,N.},re{l,..., Ny}, ze{l,...,Nz}
The post-infection severe-illness models can be formulated as saturated logistic regres-

sions:

a4
e J gk

u,xr u,xr
ahTyser?

1+e" "k

P(Y;(Zj)z 1|SZPO Zu,AiZk,XZ'ZLC)
O
S P(Yi(%) =057 =u, A, =k, X, = z)

5u,x UL

p— U7x
=Q 05 Pk =

657 =0V 3, u, z.
We may also implement a James-Stein-type estimator that asymptotically reduces to the
saturated logistic regression:

P }/; =1 S-POZ ,Ai:kaXi:
(i) = 1] 5P = ) _ i N (0,72 Y, K
P(Y;(Zj):O|SiO:uaAi:kaXi:x) ” 8

The model can accommodate deviations from Assumption 2.6 through an additive term

e." capturing heterogeneity between study sites:

P(Yi(z) =18 =u,Ai=k,Ri =7, X; =2) w0 o ua
; =y +5j’k +en”,
P(Y;‘(ZJ‘)ZO|SiOZU,AiZk,Ri:T,XiZQT) ’

e%* ~ Normal(0, (7)?).

We can fix 77" to several values for sensitivity analysis, as developed in Jiang et al. (2016).

We may write the probability models for Sip °| Ry, X; and A, | SZ.P 0 X, as two saturated
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multinomial regressions, given Assumption 2.5 that A; 1L R;, Z; | SiP 0 X

P(SP =u|R; =7, X; =)
OgP(SfO=U0|Ri=T7Xi=IB)
P(A;=k|SP=u,X;=x)
P(A;=ko| S/ =u, X; = 1)

1

_ T T T
_Mu+nu+nu

) T u,r
log Sl 2" 0 (M i

where

v, 7T w, T, UT
97’,36 _ eHut Myt Yk Tk
=

T, T

[ u,r _ U _
Ho, =0V T, a,” = Z,z,ka—OVu.

Na Vi +7vp+Y
Z'm:l € k

u,T

Note that 0, Vi Mo » Viys Vi are all zero for all z. Furthermore, for given reference

categories o, ug, 7o, 14", 7. are zero for all u, k, while 1" is zero for all z, ;™ is zero for

all 7, 7,7 is zero for all u and 7, is zero for all z. This leads to a tidy representation of

the log-odds of belonging to stratum u vs. ug conditional on A; =k, R; =r, X; = x:

P(SZ-PO:U|AZ‘:]€,RZ'=T‘,XZ‘=I)
(0]
gP(SfO=u0|Ai=k,Ri=T,Xi=x)

. o U uo u,r ug,r x T,x
_/1’u+yk_yk; +7]g ~Vx Tt

If we suspect deviations from Assumption 2.5, we can add an interaction between A;

and R; in the multinomial regression model for A;:

P(Ai=k|Ri=7,8"=u X, =)
0
gP(Ai:kZ()'Ri:T’,SZ-PO=U,Xi:l’)

=Vt i+t €, e ~ Normal(0, (75)%) vr. (12)

4 Design and analysis of vaccine efficacy studies

There are several real-world applications for Theorem 3.3 in vaccine efficacy studies. The
first is for quantifying vaccine efficacy against post-infection outcomes like severe illness,
medically-attended illness or death, which is the primary motivation for the methods we
have developed here. A second is to quantify the impact on vaccination on secondary
transmission to household contacts. In both of these hypothetical trials, we imagine that

participants are prospectively monitored for infection as well as the post-infection outcome
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of interest. The infection monitoring might involve regular diagnostic testing or analysis
of blood specimens for signs of infection.

A guiding philosophy we follow below is in using Bayesian models to design clinical
trials with good Frequentist properties, as is discussed in Berry (2011). Thus, we chose our

rejection region for our test statistic so as to limit our Type 1 error to no more than 0.05.

4.1 Vaccine efficacy against severe illness trial design

To show how our model can be used to design a vaccine efficacy study, we consider de-
termining the sample size for two hypothetical clinical trials: one three-arm trial inspired
by Monto et al. (2009), and a two-arm trial inspired by Polack et al. (2020). Monto et al.
(2009) investigated vaccine efficacy against symptomatic influenza infection in a three-arm,
double-blind placebo-controlled randomized trial. Polack et al. (2020) presented the results
of the COVID-19 Pfizer vaccination trial, which measured vaccine efficacy against symp-
tomatic infection using a two-arm double-blind placebo-controlled randomized trial. All
trials are designed so as to jointly test the efficacy against infection and the efficacy against
severe symptoms for the always-infected group.

In order to design our hypothetical trials, we simulate 200 datasets under the alternative
hypothesis for each sample size and measure the proportion of datasets in which we reject
the null hypothesis. For both trials, we will target a power of 0.8 against an alternative
hypothesis that the vaccine efficacy against symptoms is equal to 0.6 for the always-infected
stratum (i.e. S/® = (1,1,1) and S/® = (1,1)). We reject the null when the posterior
probability is 0.85 or larger that vaccine efficacy against severe illness is above 0.1 and that
the vaccine efficacy against infection is greater than 0.3. We can write the rejection region

for Data = {(S,Y;, Z;, Ri, Ai, Xi), 1 < i < n} as {Data : P(VE(;1Y > 0.1, VEg3 > 0.3 |
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Data) > ¢} for the three-arm trial and {Data : P(VEEE) > 0.1,VEg9 > 0.3 | Data) > k}
for the two-arm trial. More details on the choice of £ is given in the next two subsections.
Broadly, our decision criterion is akin to that used in Polack et al. (2020), namely that the
posterior probability is greater than 0.986 that vaccine efficacy against confirmed COVID-
19 is greater than 0.3. For example, in the two-arm scenario k = 0.85 adequately controls
the Type 1 error for a null hypothesis of no vaccine efficacy against severe illness.

We use the model defined in Equation (11); the computational details are discussed in
Section H. Given the results of Theorem 3.3, we can determine the number of study sites
and the number of levels for A; that need to be observed in order to point identify the
causal estimand of interest. For the three-arm trial, we need at least 8 study sites and a
covariate with at least 7 levels, while for the two-arm trial we need only 4 study sites and
a covariate with at least 3 levels. In the two-arm study we simulated data from 8 sites,

while in the three-arm trial we simulated data from 16 sites.

4.1.1 Two-arm trial

In the two arm trial, we sample the study-site-specific principal strata proportions from a

Dirichlet distribution. The distribution’s mean corresponds to the vector:
(P(SiPO = (070))’P(Sipo = (O’ 1))7P(Sipo = (170))7P(Sipo = (17 1)))7

where S0 = (S;(1) = 4,5;(0) = j). The mean is set to (0.78,0.1,0.02,0.1), while the
variance for each category is P(S/° = (i,7))(1 - P(S/® = (4,7)))/101. These parameter
settings result in a cumulative incidence of 16%.
We fitted three models, which are described in detail in the appendix. Both included
terms to account for possible deviations from assumption Assumption 2.5, and both employ

a hierarchical model for the probability of severe disease conditional on principal stratum

35



and covariates. One model allows for an unrestricted set of principal strata, while the
other two assume monotonicity, namely that P(S/® = (1,0)) = 0. Of these two models
that assume monotonicity, one assumes severe disease and infection are observed without
error, while the other employs a measurement error model identical to the model proposed
in this paper. In the results below, the unrestricted model is full, while the model that
incorrectly assumes monotonicity and assumes perfect measurements is mono-wo-meas-
error. The model that assumes monotonicity but allows for measurement error is called
mono-w-meas-error. Given monotonicity assumption, neither monotonic model models the
distribution for A;; they do, however, condition on A; when learning the distribution of the
post-infection outcome. We measured coverage of the 95% posterior credible intervals, bias
and mean squared error of the posterior median of the target estimand, namely vaccine
efficacy against severe illness in the always-infected stratum Sz.P ®=(1,1), and vaccine effi-
cacy against infection. The data were simulated under two alternative hypotheses and two
null hypotheses. VE against severe illness was ~ 0.6 under one alternative hypothesis, and
the alternative hypothesis had a VE against severe illness of ~ —0.6. Alternatively, under
both null hypotheses VE against severe disease is equal to zero, while one has a VE against
infection of ~ 0.5, and the other has a VE against infection » 0.06. Within these hypotheses
we further stratified the simulations by two conditions: one in which Assumption 2.5 held
and one in which Assumption 2.5 was violated.

Bias and MSE under both alternative hypotheses are presented in Figures 1 to 2. The
figures show that under most scenarios, the full model has lower bias and MSE compared
to the other models, though there are exceptions. The notable exceptions are at sample
sizes of 20,000, and 40,000 under the null hypotheses. In these cases, monotonic models

have smaller MSEs. This is due to the fact that the models which assume monotonicity
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have far fewer parameters than the joint model, and while it may be a bit biased, this
increased bias is small compared to the decrease in variance.

The coverage plots in Figure 3 show that the posterior credible intervals generated by
the incorrect models have coverage far below the nominal rates under both alternative
hypotheses, but the coverage is at or above the nominal rates under both null hypotheses.
The full model achieves and sometimes exceeds the nominal coverage in all scenarios.
Because it is a stated goal of the model to jointly infer VEg and VE;, the coverage plots
show that it is at a minimum necessary to use a model that allows an unrestricted causal
model to achieve nominal coverage.

The power calculations are presented in Table 1, which shows power as a function of
the sample size and the various hypotheses. Despite the increased MSE under the null
hypothesis, the full model does not have significantly inflated Type I errors compared to
the mono models. The full model displays higher power uniformly across scenarios and

sample sizes.
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Figure 1: Boxplots collecting bias across simulated datasets for posterior median VE; and VE;(3). Each boxplot bar
summarizes the bias of an estimator across 200 datasets under a single sample size and hypothesis combination. The blue bar
indicates bias under the full model, while the white bar indicates bias under the model employing a monotonicity assumption.

Rows of the graph correspond to different hypotheses, while the columns correspond to whether or not Assumption 2.5 holds.
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Figure 2: Boxplots collecting mean squared error across simulated datasets for posterior median VE; and VE(3). Each

boxplot bar summarizes the bias of an estimator across 200 datasets under a single sample size and hypothesis combination.

The blue bar indicates bias under the full model, while the white bar indicates bias under the model employing a mono-

tonicity assumption. Rows of the graph correspond to different hypotheses, while the columns correspond to whether or not

Assumption 2.5 holds.
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Figure 3: Posterior credible interval coverage across simulated datasets for VE; and VEg (95% intervals). Each point and

error bar summarizes the coverage of the credible 200 datasets under a single sample size and hypothesis combination. The

blue square points indicate the full model coverage, while the white points indicate the coverage under the model employing

a monotonicity assumption. Rows of the graph correspond to different hypotheses, while the columns correspond to whether

or not Assumption 2.5 holds.
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Table 1: Power and Type I error rates for sample sizes of 4,000 through 40,000. Hypothesis indicates whether the alternative
or the null hypothesis was used to generate the datasets, the column A; L R; | Sipo indicates whether Assumption 2.5 holds,
and the Model column indicates whether the full model or the models that incorrectly assume monotonicity were fitted. The
k column indicates the cutoff value used to control Type I error; these values are specific to each model and are set so as to
control the Type I error under the null across all sample sizes and A; L R; | Sf" scenarios. Values for VE; = 0.6 indicate

power, while VE; = 0 indicate Type I error.

Hypothesis  A; 1L R; | ST7  Model k 4,000 20,000 40,000
mono-wo-meas-error 0.925 | 0.23 0.77 0.90

A; L R; | SPo mono-w-meas-error 0.75 0.34 0.80 0.95

full 0.85 0.53 0.92 1.00

VE;=0.6 mono-wo-meas-error 0.925 | 0.23 0.78 0.92
A; L R;| SPo mono-w-meas-error  0.75 0.35 0.81 0.96

full 0.85 0.59 0.95 1.00

mono-wo-meas-error  0.925 | 0.03 0.01 0.01

A; L R; | SPo mono-w-meas-error  0.75 0.03 0.02 0.04

full 0.85 0.03 0.04 0.01

VEr =0 mono-wo-meas-error 0.925 | 0.05 0.01 0.01
A; L R;| P mono-w-meas-error 0.75 0.04 0.03 0.03

full 0.85 0.03 0.04 0.01

While these results show that one needs fairly large sample sizes to achieve 80% power
for the estimands of interest in both scenarios, this is expected because the always-infected
principal strata, (1,1), are only 10% of their respective populations in our simulation
studies. Despite the full model having more parameters than either the mono-w-meas-
error or mono-wo-meas-error, it generates the most powerful test in all scenarios while
adequately controlling the type I error. In order to achieve Type I error control, the mono-
wo-meas-error model requires a much smaller rejection region, or, equivalently, a larger
value of k£ compared to the other two models. This reduces its power, and results in the
mono-wo-meas-error having the smallest power among the models.

This highlights the extent to which power calculations, and bias and MSE for our models
are dependent on principal strata proportions. Even though the proportion of individuals
who are harmed by the vaccine is only 2%, the effect on models that assume monotonicity

is quite drastic in terms of bias, MSE, and especially coverage.
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Furthermore, though the sample sizes are large, randomized vaccine trials of similar
magnitude have been run. For example, the trial presented in Polack et al. (2020) included
approximately 43,500 participants. This highlights the fact that our model can be used to

infer post-infection outcome vaccine efficacy from large real-world studies.

4.1.2 Three-arm trial

In the three arm trial, we sample the study-site-specific principal strata proportions from

a Dirichlet distribution. The distribution’s mean corresponds to the vector:

(P(S5/* =(0,0,0)), P(S* = (1,0,0)), P(S/* = (0,1,0)), P(S]* = (1,1,0)),

P(SF =(0,0,1)), P(S = (1,0,1)), P(S/* = (0,1,1)), P(S/* = (1,1,1))

where S° = (S;(0) = 4,5;(1) = 4,5:(2) = k). The mean is set to (0.7,0.13,0.01,0.01,0.01,0.01,0.01,0.12),
while the variance for each category is P(S!® = (i, 7, k))(1-P(S/* = (i,4,k)))/101, as above.
These parameter settings result in a population-average cumulative incidence of 19%.

We simulated data under two scenarios of varying study population size of 4,000, 40,000,

and 80,000 participants. In all scenarios, VEga1 = 0.45, VEgy; = 0.41 and VE{;;" = 0. In

one scenario, VEglﬁ’l) = 0.52, while VE§12’11’1) =0 in the null scenario. The data is generated
so that Assumption 2.5 holds.
We fitted the same three models we fitted above, but the monotonicity assumption

is more severe for the three-arm trial compared to the two-arm trial because only four

parameters can be estimated from the observed data. The monotonic models assume that
P(SF=(0,1,0)) = P(S/* = (0,0,1)) = P(S/* = (1,0,1)) = P(S/* = (0,1,1)) = 0,

thus misclassifying about 4% of the population.

1,1,1 11,1
In order to compare the models’ performance, we measured VEg 21 ) and VEg 31 ), as
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well as conditional VE VE%II’I)(IC) and VEg’l?ﬁ’l)(k) for £ = 5. We also compared inferences
for the VE against infection estimands, VEg2; and VEg3; respectively.

Figure 4 shows that the bias of the full model was the smallest in nearly every scenario
for the chosen parameters. Meanwhile, the Figure 5 results are more mixed; the figure
shows that the MSE is smallest for the full model when sample size exceeds 4,000 for the
VEg parameters, but that the MSE for the VE; and conditional causal estimand is larger
when the causal null hypothesis holds. In Figure 6 we see that the full model attains
the nominal coverage for the VE; parameters, while the monotonic models fail to achieve
nominal coverage for these parameters. All models fail to achieve the nominal coverage for

the VEg parameters, but the full model’s coverage improves as the sample size increases.

Table 2: Power and Type I error rates for sample sizes of 4,000 through 80,000 for the three-arm treatment simulation
study. Hypothesis indicates whether the alternative or the null hypothesis was used to generate the datasets, the column
A; L Ry | SZ.PO indicates whether Assumption 2.5 holds, and the Model column indicates whether the full model or the two

models that incorrectly assume monotonicity were fitted. The k column shows the cutoff value that determines the rejection

(1,1,1)

1,31 0.52

region; the value is chosen so as to control Type I error across all sample sizes for each model. Values for VE
indicate power, while VEgléll’l) =0 indicate Type I error. By design, all methods will have Type I error less than or equal to

5%.

Hypothesis A, L &, [ ST7 Model k(4000 40,000 80,000
mono-wo-meas-error  0.99 | 0.02 0.68 0.94

VEgléi’l) =052 A; L R;|SP  mono-w-meas-error  0.94 | 0.02 0.75 0.97
’ full 0.93 | 0.00 0.83 0.98
mono-wo-meas-error  0.99 | 0.00 0.03 0.03

VE%?D =0 A; L R;| SP mono-w-meas-error  0.94 | 0.00 0.04  0.03
’ full 0.93 | 0.00 0.04 0.03

Table 2 shows the pitfalls of the smaller MSE values from the mono-wo-meas-error
model, namely that in order to control the Type I error we need a much smaller rejection
region. This leads to lower power compared to the other two models. In keeping with the
results in the two-arm trial, the full model has the highest power among all the models,

with the exception of the 4,000 participant scenario. The results show that one could run a
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Figure 4: Boxplots collecting bias across simulated datasets for posterior median VEgléll’l) and VEgléll’l) in the top row,
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columns correspond to whether the null hypothesis of VEgléll‘l) =0 holds.

11



VE ;21 =0 VE; 3 =0.52 O Mono-wo-meas-—error VE ;=0 VE;3=0
O Mono-w-meas-error

VEs 1 =0.45VEg3, =0.41 = Full VEs 21 =0.45VEg3, =0.41
VE,,; ave: MSE VE,3; ave: MSE VE,,;, ave: MSE VE, 3 ave: MSE
~
- T
o | . |
— ' :
@ | 1 .
s+ :
o | 1! - -
S ] - -
sl T . o Hp=
°© . ! . ! [ T ~
N | I Q : QQ : I Q : ;
IS} L - ! '
g_uulaﬁ--;;. i b == TSP Y S .Hulaéla;i. .gulﬁali;;.
T T T T T T T T T T T T
n=4k n=40k n=80k n=4k n=40k n=80k n=4k n=40k n=80k n=4k n=40k n=80k
VE;2(5) : MSE VE, 3(5) : MSE VE, 21(5) : MSE VE,3(5) : MSE
w | X ' , X
— ' ' i '
o] :
- . | . |
w | H : , H H
© ' i ' - i i ' -
2 _Q o Q .-Eﬁ,;é.i-. Q léE;iaa. D .E%;i&_
T T T T T T T T T T T T
n=4k n=40k n=80k n=4k n=40k n=80k n=4k n=40k n=80k n=4k n=40k n=80k
VEg; ave: MSE VEg3; ave: MSE VEg; ave: MSE VEg3; ave: MSE
gl 1 . : .
S ' ' ' ¥
s L : N
IS HE ' HE H
8 Do T
° T o |T oo T T - !
1T = i N Ho-
=28 Fa =2 g _ BT TR _ P e
gl =ttt el | F L T - IR trmmt S a| | e
e T T T T T T T T T T T T
n=4k n=40k n=80k n=4k n=40k n=80k n=4k n=40k n=80k n=4k n=40k n=80k

Figure 5: Boxplots collecting mean squared error across simulated datasets for posterior median VEgléll’l) and VEgléll’l) in

(1,1,1)

the top row, VE(Iléll’l)(k) and VE} )

(k) in the middle row, and VEg 21 and VEg 31 in the final row. Each boxplot bar
summarizes the bias of an estimator across 200 datasets under a single sample size and hypothesis combination. The blue bar

indicates bias under the full model, while the white bar indicates bias under the model employing a monotonicity assumption.
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Figure 6: Posterior credible interval coverage across simulated datasets for VEgléll’l) and VE?éll’l) (95% intervals) in the
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trial with 40,000 to achieve 80% power. Recent vaccine trials show that trials of 40,000 are
feasible and successful, further demonstrating the applicability of our model to real-world

trials.

5 Discussion

Policymakers and public health experts can use vaccine efficacy for post-infection outcomes
to design more precise vaccination programs. Our method makes inferring these causal es-
timands feasible in real-world multi-arm trials where outcomes are measured with error
and vaccines cannot be assumed to have a nonnegative effect on infection for every in-
dividual. The power of our method is reflected in its flexibility to be applied to vaccine
trials with multiple treatments as well as various post-infection outcomes. Although we
focus on binary post-infection outcomes here, our method is readily extensible to ordinal
and continuous measures, such as immune response as measured by antibody titer. Ac-
cordingly, when paired with a parametric likelihood for continuous post-infection outcomes,
our method may be more statistically efficient than models identified by likelihood assump-
tions alone, like that of Zhang et al. (2009). Furthermore, our identifiability results are
nonparametric, though we use parametric Bayesian estimators in our examples. One can

use these methods to design and analyze clinical trials, as we show in Section 4.

5.1 Limitations and extensions

The model currently assumes that post-infection outcome specificity is constant across
study sites, but this may not reflect the reality of some vaccine trials. An extension to the
model is to allow misclassification rates that differ by values of covariates X, by treatment

assignment Z as well as by study site R. The identifiability results readily generalize to
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models including X and Z, but more work is required to understand how varying speci-
ficities by R impacts the identifiability results presented here. For instance, if a vaccine
changes how the virus populates the nasal cavity, we might expect that PCR tests from
nasopharyngeal swabs will be less sensitive in the vaccinated group. More work is needed
to further generalize the procedure to categorical intermediate outcomes, which would al-
low for more general vaccine efficacy against transmission study designs (VanderWeele &
Tchetgen Tchetgen 2011), as well as applications beyond vaccine efficacy to noncompliance

in multi-arm trials where the exclusion restriction could be violated (Cheng & Small 2006).

A Proofs and further details for simulation studies

We define our notation for principal stratification in vaccine efficacy (VE) in section B.
In section F, we give general properties of the Kruskal rank, and extensions to Kruskal
(1977) theorems that we derived. We apply these extensions in the context of principle
stratification for VE in section C. The proof of our main result, Theorem 3.3, is given in

section E. These proofs are based on results in Section F' and Section C.

B Notation and definitions

In the following proofs, we have omitted the subscript ¢ from random variables to simplify
our notation. We have also elided conditioning on X; = x; the proofs shown in Section E are
understood to be conditional on X; = x. Let z be the N,-category discrete variable taking
values in the set {z1,..., 2y, } representing treatment, and let Z be treatment assignment.
The principal stratum, S* is defined as (S(z1),...,5(2n.)), S(2;) € {0,1}. Let S be the set

of principal strata, which is equal to {0, 1}"> when there are no monotonicity assumptions;
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let ueS.

Let the set of treatments be {z1,...,2n.}, with z € {21,...,2n.}

Let A have N, levels and take values in the set {1,...,N,}. Let P(A | R) be the
N, x N, matrix with (7,7)" element equal to P(A =i | R = j) and let P(A = k| R)
be the N, x N, diagonal matrix with (i,7)* diagonal element P(A = k | R = i). Let
P(A = k| R) be defined similarly. Let Py, (A | SP) be the N, x 2V= matrix with (7,7)t%
element equal to P(A=1i|S™ =wxy_ (j-1)), and let Py, (S | R) be the 2¥= x N, matrix
with (4,7)" element equal to P(S™ = wy (i-1) | R = j). Let Py, (A = k| ST) be
the 2V= x 2N= diagonal matrix with (i,47)" element P(A = k| S™ = wy, (i — 1)) and let
Py.(A =k | S™) be defined similarly. Let P(y | R, Z = z) be the 1 x R matrix with element
(1,7)™ equal to P(y | R = j,Z = z), and similarly let Py, (y | ST, Z = z) be the 1 x 2N=
matrix with element (1,7)™ equal to P(y | ST = wn,(j-1),Z =2). Let P(y | R, Z =
z,A = k) be the 1 x R matrix with (1,7)* element equal to P(y | R = j,Z = z,A = k),
and similarly let Py, (y | S™,Z = z,A = k) be the 1 x 2V matrix with element (1,j)"
equal to P(y | S = wn.(j-1),Z = 2,A = k). Let the matrix Py_ (S | Z,5™) be in
R2N=x2"* where column denotes principal stratum S? = wy_ (j — 1) and row represents
a combination (s,z) € {(1,1),(1,2),...,(1,N,),(0,1),...,(0,N,)}, with (i,7)™ element

denoted Py, (S| Z,S%);; defined as
Pn.(S12,87)i=won. (-1l (i< N) + (- wn. (- D)1 (0> V),

and let Py.(S | Z,5™) be in R2N-2" with (i, 7)™ element denoted Py.(S | Z,S5%);;

defined:

Py, (S| Z,5™);5 =505 (1= spg) 70U D1 (i < NV.)

+ (1 —sng)™N=Ubi-n: spé_wNz GDi-n g (i>N,).
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Let B* be the Moore-Penrose inverse of the matrix B, 1,, be the m-vector of 1s, 0,, be the

m-vector of 0s, and I,,, be the m x m dimensional identity matrix.

C Kruskal rank properties related to VE

In this section, we show that (a) the Kruskal rank of the matrix Py, (S | Z, SP) is 3 for
N. >2 when sng +spg # 1 and (b) the column domains of Py_(S | Z, SP) are not invariant

to column permutation when sng,spg > 0.5 or sng,spg < 0.5 for N, > 2.
Lemma C.1 (Kruskal rank Py(S | Z,SP0) ). The Kruskal rank of

(0,0)  (1,0) (0,1) (1,1)

1-spg  sng 1-spg  sng (s=1,2=1)

1-spg 1l-spg sng sng | (s=1,2=2) (13)

spg l-sng spg l-sng| (s=0,z2=1)

SPg spg  l-sng l-sng| (s=0,2=2)

s 3 as long as sng +spg # 1.

Proof. All subsets of 3 columns of the matrix P,(S | Z, SP) are of the form:

(14)
l-a 1-¢ 1-¢

1-b 1-d 1-f

These submatrices have a common maximal minor of

a(d-f)-c(b-f)+e(b-d).
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The quantities a, b, c,d, e, f are the elements of the 2 x 3 matrix

a ¢ e

b d f (15)

in which (a,b)”, (c,d)T, (e, )T are any 3 columns drawn without replacement from the
2 x 4 submatrix of Equation (13):

1 -spg shg 1-spg sng

1-spg 1-spg shg shg
These minors are all equal to (up to a factor of —1):

(1-sns —spg)?,

which can be seen after a brute-force calculation. The minors are nonzero for all sng,spg €
[0,1] such that sng +spg # 1. Thus, by the determinantal rank definition, all 3 column
matrices are rank 3. In contrast, the determinant of Py(S | Z,S™) is 0 for all values of

sng,spg. Thus by the definition of Kruskal rank in Definition 2.6, kp,(312,570) = 3 O]

Lemma C.2 (Kruskal rank Py, (S| Z,5P), N, >2). The Kruskal rank of P(S | Z,SP)

for N, >2 is 3 as long as sng +spg # 1.

Proof. We proceed by induction. For N, = 2, Lemma C.1 shows that the Kruskal rank is

3. Let N, =n for n>2. Recall that P,(S | Z, SP) is the 2n x 2" matrix with column j
Sj
]-n —Sj
with the i*h element of s; denoted s;; and defined as:
Sij = Sn?n(jfl)i(l _ Sps)l—wn(j—l)i.
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The induction hypothesis is that the Kruskal rank of P,(S | Z,S™) is 3. The columns of

P, (S | Z,5™0) are of the form

for je{1,...,2"}, and
Sj-on
Slig

]-n - Sj_2n

1-sng

for je{2n+1,...,27*1}. The 3—column-submatric‘es of Py.(S | Z,5%) made from column
J, ¢, m indices fall into several classes. When j, ¢, m e {1,...,2"}, 5, £,me {2"+1,... 2"} or
gle{l,. .20 me{2n+1, ... 20 IN{j+27 0427} g e {1,..., 2"} m, L e {27+1,... 271}
{j +27} all matrices are rank 3 by the induction hypothesis. When j,¢ € {1,...,2"} but

m e {j+2" ¢+2"} the submatrix is

8] SZ Sm_2n
1-spg 1-spg shg

1,-s; 1,-s; 1,- 58,2

SPg SPg 1 -sng

WLOG, let m = j +2™. This leads to the submatrix:
Sj Sy Sj
1-spg 1-spg sng

1,-s; 1,-s 1,-s;

SPg spg l-sng
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The rank of this submatrix is

Sj Sy Sj Sj Sy Sj
1-spg 1-spg sng 1-spg 1-spg sng
rank = rank
]-n_Sj ]_n—Sg 1n_5j ]-n_Sj 1n—Sg 1n_3j
SPg spg 1-sng 1 1 1
Sj Sy Sj

1,-s; 1,-s, 1,-5;
=rank

1-spg 1-spg Shg

0 0 1- =25

1-spg

Sj Sy

1,-s; 1,-s

> rank +rank(1 - ; oS )
L-sps 1-spg Ps
0 0
=3.
The inequality follows from Lemma G.1. Other scenarios follow similarly. O]

Lemma C.3 (Domain restriction lemma). If sng,spg € [0,0.5) or sng,spg € (0.5,1], the
matriz Py, (S | Z,SP) e R2N=x2" has column domains that are not invariant to column

permutation.

Proof. We prove Lemma C.3 by induction on N,. The base case is N, =2. Let P be a4x4
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permutation matrix and let Py(S | Z, SP) be

(0,0) (1,0) (0,1) (1,1)

—1—sps sng 1-spg  sng - (s=1,2=1)

1-spg 1-spg sng sng | (s=1,2=2) (17)
spg l-sng spg l-sng| (s=0,z2=1)

| sPs spg  l-sng l-sng| (s=0,2=2)

Recall from the definition in Section B that the column indices {1,2,3,4} of Py(S | Z, SP0)
map to the following principal strata STo: ws(0),w2(1),@2(2),w2(3). In other words,
column index j is mapped to ST via the relation wy(j —1). We consider permutation
matrix P without loss of generality, and other cases are similarly shown,

00 01
0100
0010

1 000

Let C = [0,1], and let A be one of two half intervals of [0,1]: [0,0.5) or (0.5,1]. Let
B =C~ A Note that P,(S | Z,SP) maps C x C to a matrix with elements in C. Let
1-spg € A and let sng € B and suppose that the column domains for Py (S | Z,SP0) are not
invariant after permutation by matrix P. Then we have the following domain for the map

given by Py(S | Z,SF0):

(0,0) (1,0) (0,1) (1,1)

A A A A
PQ(S|Z,SPO>’AXBIA><B—> A A A A
B B B B

B B B B |
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However, we have,

Py(S12,57) |axs = Po(S | Z,8™) |axs P (18)
0,00 (1,00 (0,1) (1,1 .
[ 110 0 0 1
1-spg  sng 1-spg  sng
0100
-[1-spg 1-spg sng sng (19)
0010
SPg 1-sng SPg 1-sng
1 000
| sPg SPg l-sng 1l-sngfl _
(0,0)  (1L,0) (0,1) (1,1
shg 1 -spg shg 1 -spg
=| sns  l-spg 1-spg sy | (20)

1-sng  spg 1-sng  spg

1 -sng SPg SPg 1 -sng

But we see that the column domains are invariant after column permutation:
(0,0) (1,0) (0,1) (1,1)
A A A A (s=1,2=1)

Po(S| Z,5™) |axpst Ax B~ (s=1,2=2)

A A4 A A
B B B B |(s=0z=1)
B B B B

(s=0,2=2)

In order for the columns Py(S | Z,SP) |45 to be on the same domain as Py(S |
Z,5%) | 4xs, a necessary and sufficient condition is that sng and 1 —spg are on the same
domain. In other words, {sng € A,spg € B} or {sng € B,spg € A}.

Thus P5(S | Z,SP) |axs maps (sng,spg) to the same space that Py(S | Z, SP0) | axs.

We contradict our statement that the columns are not invariant to permutation.
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The case for N, > 2. Let N, = n > 2 and let the column domains of P,(S | Z,S) be
not invariant to permutation. Furthermore suppose that sng,spg € A or sng,spg € B. Then

matrix Py, (S | Z,5%) has columns

for je{1,...,27} and
Sj_on
shg

1, -5 9n

1-sng

for j e {2 +1,...,2"1}. Permuting any two columns j,k € {1,...,2"} or j, k € {27 +

1,...,2"1} yields different column domains given the induction hypothesis. If j € {1,...,27}

and k = j + 2", then the columns are

1-spg sng
]-n_sj ]-n_sj
spg 1-sng

Let the domain of s; be D, and let D¢ = [0,1]" \ D be the domain of 1,, - s;. Then the

domains are ] -

D D
A B
De De
B A

56



if spg,sng € B and

,D D-
B A
De De
A B

if spg,sng € A. These two columns are not invariant to permutation. Because no two
columns may be interchanged without a change in domain, right multiplying P,.;(S |
Z,5™) by any 271 x 27+1 permutation matrix P # I,,;1 to will yield a matrix with different

column domains than P,,;(S | Z,S5P). O

D Rank properties related to VE

In this section we show that when N, > 2 the rank of PNZ(g | Z,5P) = N, +1 when

sng +spg # 1.

Lemma D.1 (Rank Py(S | Z,S™) ). The rank of Py(S | Z,S™), defined in Equation (13),

s 3 as long as sng +spg # 1.

Proof. The determinant of Py(S | Z,SP) is 0. The determinant of the 3-minor My, is

(1 -sng —spg)? which is nonzero as long as sng + spg # 1. O

Lemma D.2 (Rank Py (S | Z,SP), N. >2 ). The rank of P(S | Z,5P) for N, > 2 is

N, +1 as long as sng +spg # 1.

Proof. We proceed by induction. For N, = 2, Lemma D.1 shows that the rank is 3. Let
N. =n for n > 2. Recall that P,(S | Z,5%) is the 2n x 2" matrix with column j
Sj
]—n — 55
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with the i*h element of s; denoted s;; and defined as:
Sij = Sn?n(j_l)i(l _ Sps)l_w"(j_l)i.

The induction hypothesis is that the rank of P,(S | Z,SP) is n+ 1. The columns of

P,.1(S| Z,5P) are of the form

for je{l,...,2"}, and

Sj_2n
Slg

1n — Sj-2n

1-sng

for j € {20 +1,...,27*1}. After a row permutation we can express P,,1(S | Z,5%) as a

block matrix:

P,(5|Z,8P) P,(S|Z,5h)

(1-spg)1l, sngl?,
spgli. (1-sng)1Z,

Recall that by construction the sum of the i® row with the (i +n)t™ row of P,(S | Z, SP)

is 11, for i <n. Then by Lemma G.2, rank (P,,1(S | Z,S™)) is

snglZ, (1-spg)1i,
rank (Po.1(S | Z,8™)) = rank (P, (S | Z, ™)) + rank ? - o
(1-sng)17, spgli.
(21)
=n+1+1 (22)
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given that sng +spg # 1. O

E Main results

Proof. Proof of Theorem 3.3
Define the three way array L with dimensions 2N, x N, x N, and (4, j, )t element P(S =
1(i<N.),A=k|Z=z_naun.), R =r). Recall that the definition of matrix PNz(g |
Z,S™) requires that column j be
Sj
1y, - s

where the i*" element of s; is denoted as s;; and is defined as:

Sij — Sn?Nz (]71)1(1 _ Sps)l—wNz (j—l)i
Let the matrices Py, (ST | R)T, Pn, (A | S™) be defined as in Section B. Then

P(S=1(i<N,),A=k|Z =2 na@wn.y R=7)=

2N= ~

> Pn.(S12,87)i;Pn.(S™ | R); ;i Pn. (A] S™)p .

j=1
Given that sng +spg # 1, as shown in Lemma C.2, kp (57 gr) = 3 and rank( Py (S |
Z,5™)) = N, + 1. Furthermore, by assumptions stated in Theorem 3.3, rank(Py, (S |
R)T) = 2N and Py.(SP | R)T € RN»2" 50 by Definition 2.6, kpy_(sroipyr = 2%=. Given

that kp,_(ajsr0) > 2N= — 1 as stated in Theorem 3.3, the conditions in Corollary F.3 hold:

min(3,2":) + 2N — 1> 2N 4+ 2 (23)
min(3,2": — 1) + 2= > 2Nz 4+ 2 (24)
(25)
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and

rank(Py. (S | Z,5™)) + rank( Py, (ST | R)) + rank(Py. (A | S7)) (26)
>N, +1+2N 42N 1 (27)
= N, +2N=+1 (28)

by the fact that rank(Py, (A [S™)) 2 k(p,_(asr). Also
N, +2N=t 92N _ 1) = N, - 1 (29)

mln(Nz - 2,rank(PNz(A | SPO)) - k(PNZ(A|SPO))
> : (30)

min(N, —2,0)

Given that Py, (A | ST0) has columns that sum to 1, and Py, (ST | R)T has rows that sum to
1, we can apply Corollary F.3 to the 3-way array L. Applying Corollary F.3 yields that the
triple-product decomposition [Py, (S | Z, S™), Py, (A | SP0), Py, (ST | R)T] is unique up to
a common column permutation. However, Theorem 3.3 states the assumption that sng,spg
lie in a common half-interval. By Lemma C.3, the only permutation matrix consistent
with the column domain of Py, (S | Z,5%) is the identity matrix. We conclude that the
3-way decomposition of L, [Py.(S | Z,5%), Py (A | SP), Py.(SP | R)T], is unique. It
follows that two different decompositions [Py, (S | Z,S™), Py.(A | o), Py, (SP | R)T]
and [Py, (S | Z,5P0) Py, (A| SP), (Py, (S | R)T)] yield different Ls. By the fact that
L is a complete characterization of the data distribution P(S =s, A= k| Z = z;, R=r) and
Definition 2.4 the parameter set [Py, (S | Z,S™), Py.(A | SP), Py (SPo | R)T] is strictly
identifiable.

Define the matrix P(Y | Z, R, A = k) with dimensions N, x N, with elements P(Y =y |

R=rZ=2A=k)

P(Y|Z R A=k),=P(Y=1|Z=2,R=r,A=k).
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Let the matrix Py (Y | Z,5P, A =k) be in RN=2"* for all ke {1,...,N,} with elements

Py.(Y|Z,8P A=k)j=wn.(j - 1)y P(Y =1|Z=2,5" =wn.(j-1),A=k)
(31)

+ (1 -spy)
where 7y =spy +sny — 1. Then

~ 2NZ ~
P(Y=1|Z=z,A=k,R=r)=) Py.(Y|Z,5" A=k);;Pn.(S™ | R);,

J=1

« Py, (A= k| SP),,/P(A=k|R=r).

Recalling the definitions of diagonal matrices P(A = k | R) and Py, (A = k | S™), the

expression can be rewritten as matrix multiplication:

P(Y|Z,RA=k)=Pyx (Y|Z,S® A=k)Py (A=k|S™)Py (S™ | R)P(A=k|R)™.
(32)
Given our assumption that Py, (ST | R) is full row rank, Py, (ST | R) Py, (ST | R)* = Iyw..
We assume without loss of generality that P(A =k | S™ =u) >0V k, u, so Py, (A=k|S™)

is invertible, and that P(A=k|R=7r)>0Vk, r so P(A = k| R) is invertible.

P(Y | Z,R,A=k)P(A=k|R)Py. (S | R)" Py, (A=k|S) " = Py (Y | Z,A = k,5™)

(33)
If to the contrary that P(A =k | S™ =wu) =0 for some k and u, we adopt the convention
that P(Y =y | Z = 2,57 = u, A = k) is undefined. We can then reduce the set of principal
strata included in the sum to include only those for which P(A =k | ST =u) > 0. It follows
from the full-row-rank assumption on Py_(S™ | R) that the matrix formed from any subset
of rows of this matrix is still full row-rank. Given the modified matrices, Equation (33)
will hold with the reduced set of principal strata. We can use a similar technique when

P(A=k|R=r) =0 for some combination of k and r. This condition is empirically testable.
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It then follows the definition of Py (Y | Z,S%, A = k) in Equation (31) that spy is
identifiable, as are the parameters ryP(Y = 1| Z = 2,57 = wy,(j - 1),A = k) for all
2,7 €{1,...,2"=} and k.

Let any allowable post-infection outcome vaccine efficacy estimand, necessarily where
uju; =1, be defined as

E[Y(z)] SP =u, A= k]
E[Y(2)]SP=u,A=k]

VE7 ;;(k) =1~

By Assumptions 2.1t02.2 P(Y =1|Z =280 =u,A=k)=P(Y(2)=1| S =u,A=k)
for all z € {z,...,2n.} and E[Y(2) | ST =u,A=k]=P(Y(2)=1] S =u, A =k). Note
that spy = 1 - Px.(Y | Z,S%, A = k)11 by our definition of Py (Y | Z,SP, A = k) in
Equation (31). This is because the the first column of Py, (Y | Z,SP, A = k) corresponds
to the principal stratum that is always uninfected, or SP = w(0), which results in P(Y =
1] Z=258P =w(0),A=k)=1-spy for all z,k. The first row of the matrix Py, (Y |
Z,S™ . A =k) corresponds to Y =1. Then

Py (Y|Z SP A=k). . —Py(Y|Z,8% A=k
P(Y=1|Z:z7SP0:u’A:k-): NZ( | i ) )J Nz( | ) ) )1,1

Ty
where j = wy! (u) + 1, so VEF ;(k) is identifiable. O
Proof. Proof of Corollary 3.4
By the conditions set forth in Corollary 3.4 we have that
P(SZ ﬂ(Z < Nz) ,1212 k | 7 = Zi—Nz]l(i>Nz)>R:7n) =

2Nz N N

>, Pn.(S1Z,87)i Py, (S™ | R)p;Pr.(A]S™),;.

j=1

This decomposition holds because of our nondifferential misclassification assumption, namely

A1 SP S R, Z| A, which allows for the following complete characterization of A | SFo:
~ N ~
P(A=k|S"=u)=Y P(A=k|A=0)P(A=1(]|S" =u).
=1
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Recall that sng,spg lie in the same half interval of [0,1], so by the same logic as
Section E, the distributions P(S=1|Z =z SP =u),P(A=k|SP =u), P(SP =u|R=r)
are identifiable. Define the matrix P(Y | Z, R, A = k) with dimensions N, x N, with elements

P(Y=y|R=rZ=2A=k)
P(}}’Z’Rw’i:k)i,r:p(?:l|Z:Zi,RZ7°,A:k)'

Let the matrix Py (Y | Z,5%, A = k) be defined in the same way as Equation (31). Then

~ ~ 2NZ ~ ~
PY=1|Z=z,A=k,R=r)= ZPNZ(Y | Z,8™ A=k),; (34)

j=1
x Py.(S™ | R);,Py.(A=k|S™);;/P(A=k|R=r)
(35)
which can be represented as matrix multiplication, recalling the definitions of matrices

Pyn.(A=k|SP), and P(A=k|R):

P(Y|Z,RA=k)=Py (Y |Z2,57 A=k)Py (A=k|SP)Py (S | R)P(A=k|R)™
(36)
Given our assumption that Py_ (ST | R) is full row rank, Py_ (ST | R) Py (ST | R)* = Iyn..
Without loss of generality we assume that P(A =k | R =r) >0V k,r, which is estimable

from observed data and P(A =k | SP =u) >0V k,u, which is identified via the . Then:

P(Y|Z R A=k)P(A=k|R)Py.(S™|R)" Py, (A=k|SP) =Py (Y |Z, A=k, S™)
(37)
It then follows the definition of Py (Y | Z,S™, A = k) that spy is identifiable, as are
the parameters ry P(Y = 1| Z = 2;,5P = wy (j - 1),A = k) for all j € {1,...,2V-} and

ke{l,...,Ng}.
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Let any allowable post-infection outcome vaccine efficacy estimand, necessarily where

uju; =1, be defined as
E[Y(z)] 5™ =u]
E[Y (2) | S =u]

VEI]Z

By Assumptions 2.1t022 P(Y =1|Z =2, =u,A=k)=P(Y(2) =1|SP =u, A= k)
and E[Y(2) | SP =u,A=k]=P(Y(2)=1|SP =u,A=k) for all z € {z,...,zy.}. Note
that spy = 1 - Px.(Y | Z,S, A = k)11 by our definition of Py (Y | Z,SP, A = k) in

Equation (31). Then

PNZ(Y|ZSPOA k?)z] (Y|ZSPOA ]{3)11

ry

P(Y=1|Z=2z8P=uA=k)=

where j = @y (u) + 1. Then

k(PNz(S}|Zv‘S(POaA_k.)zj_PN (}7|Z SPO /I—
Z:k(PI\fz(}’}|Z?‘Sq:)ow‘Zi k)zl_PN(Y|ZSPOA

1) P(A=Fk| ST =u)
) P(A=k|SP =u)

VEY, = it
k)1,

]

Lemma E.1 (Identifiability of counterfactual post-infection outcome expectations). Sup-

pose P(SM? =u| R=r) is known

F Kruskal rank properties

In the section that follows, we use properties and several theorems and lemmas that are
proven in Kruskal (1977). Where appropriate we will indicate on which pages the proofs

of the theorems and lemmas can be found.

Lemma F.1 (Rank lemma). Let

Hup(n) = canrir(l,iaxrfl):n {rank(A") + rank(B')} - n
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for an integer n where A’ is an n-column subset of the matrizx A and B’ is the same

column-index subset of a matriz B. For any diagonal matriz D € R™™ with rank 0,
rank(ADBT) > Hap(6).

See proof on p. 121 in Kruskal (1977).

F.1 Kruskal’s triple-product decomposition uniqueness theorem

Theorem F.2 (Kruskal triple product decomposition uniqueness). Let matrices A, B,C' be
defined as in Definition 2.5, with respective ranks r4,rg,rc, and let array L also be defined

as in Definition 2.5. Suppose that ka <ra, kg <rp, and kc <rc. Then if

miH(TA —kA,T‘B —k?B)
rat+rg+rc—(2M +2) >

min(ra —ka,rc - ko)
min(ka, kg) +r¢ > M + 2, and min(ka, ko) +rg > M + 2 the decomposition L =[A, B,C]
is unique up to column permutation matriz P and column scaling A, G, N such that AGN
1s the identity matriz. In other words, L can be represented as the triple product of any
three matrices [A, B,C] such that [A = APA, B = BPG,C = CPN]. See proof in Kruskal

(1977) on page 126.

F.2 Corollary to Theorem F.2

Corollary F.3 (Uniqueness with column and row sum conditions). Suppose B has rows
that sum to 1 and C has columns that sum to 1, or Bl = 1.1, and 11,xC = 11.z. If
the rank conditions in Theorem F.2 on A, B,C also hold, and C' is full column rank then
[A, B,C] is the unique triple product decomposition of array L up to a common column

permutation.
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Proof. Suppose that L = [A, B,C] and that [A, B, C'] is another decomposition of L, where
B, C satisfy the respective row- and column-sum constraints. Let rj3,rs be the ranks of
B and C respectively. Definition 2.5 implies that Adiag(zC)BT = Adiag(xC)B” for all
v e R If for any y € R™K such that yC = 0 = yC = 0 then col(C) c col(C),

null(C) o> null(C), and r¢ < re. If yC =0 then
Adiag(yC)BT =0 = Adiag(yC)BT =0

Recall the definition of H4p(n) from Lemma F.1. Kruskal (1977) shows that the condition

on the ranks and Kruskal ranks above imply the following inequalities (proof omitted):

ka>max(R-rg+2,R—rc+2), (38)
kg>R-rc+2, (39)
ke >R-rp+2, (40)
Hyg(n)2R-r¢+2ifn>R—-rq+2 (41)
Hyc(n)2R-rg+2ifn>R—-rp+2 (42)
Hpe(n) > 1lifn>1 (43)

The inequality eq. (41) implies that when Hap(n) < R—rc +2 then n < R—r¢c +2. When
n < R—-rc + 2, the inequalities eqs. (38) to (40) and the definition of Hap(n) imply that

Hap(n) =n. Then

0 = rank( Adiag(yC)BT)

> Hap(rank(diag(yC))) >0,

where the second to last inequality comes from Lemma F.1 and the last inequality comes
from the definition of Hap(n). This implies yC = 0. Let the function w(y) for a generic

vector y return the number of nonzero entries in the vector y. Let v be any vector such
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that w(vC) < R- Ky + 1. Then we’ll show that w(vC) < w(vC).

R-rc+12>R-Ky+1>w(C) = rank(diag(vC) (44)
> rank (Adiag(yC)BT) = rank(Adiag(yC)BT) (45)
> H yp(rank(diag(vC)) = Hap(w(vC)). (46)

The final line implies that Hz(w(vC)) = w(vC'), which shows that w(vC) > w(vC) when
R-Ky+1>w(().

Given this condition, Kruskal’s permutation lemma (proved on page 134 of Kruskal
(1977)) shows that for any matrices C' and C' that satisfy the inequality, C' = C PoN where
Pes is a permutation matrix and N is a diagonal nonsingular scaling matrix. If we have
the stronger condition that every two columns of C' are linearly independent then Pr and
N are unique. Our matrices satisfy these conditions, so we have that C = CPoN, and a
similar argument can be used to show B = BPgM

Given that we also have the condition that 1;xxC = 1;xp and 1145C = 1145, then this
implies that C = C' Py because 11,xC = 11xxCPcN = 114,z N which only equals 145 if
N =Ipr-

Furthermore, if rg = R, the equation Bv = 1;,; has a unique solution in v € REx1,
namely v = 1p,;. This implies that M is the identity matrix, as the condition Blgy. = 1.

results in:

151 = Bl (47)
- BPsM1pa (48)
= PpM1pg«1 = 1R (49)

Given that M is a nonsingular diagonal matrix and Pp is a permutation matrix, M must

be the identity to solve the equation PgM1g.1 = 1gx1.
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We now have C' = CPy and B = BPg. We can apply Kruskal’s permutation matrix

proof from pages 129-130 in Kruskal (1977) to show that Po = Pg = P. The following two

identities hold for any diagonal scaling matrices M, N, any permutation matrix P, and any

vector v:

Mdiag(v)N = diag(vMN)

Pdiag(v)PT = diag(vPT).

(50)

(51)

Given Equations (50) to (51) and the condition that L = [A, B,C] = [4, B, C], then, for all

vectors v € R1*/,
Bdiag(vA)CT = Bdiag(vA)CT
= BPdiag(vA)PTCT
= Bdiag(vAPT)CT.
The equality Bdiag(vA)CT = Bdiag(vAPT)CT implies
Bdiag(v(A - APT))CT =0
for all v. Furthermore,

0 = rank( Bdiag(v(A - APT))CT)

> Hpc(rank(diag(v(A - APT))) > 0.

(56)

(57)

The last line follows from Lemma F.1. Then using the implication from eq. (43) that if

Hpc(n) <1 == n =0, rank(diag(v(A - APT)) = 0 or v(A - APT) = 0 for all v. This

further implies that

A=APT

or



G Supporting lemmas and definitions from other work

Lemma G.1 (Block rank lemmas Tian (2004)). Let A e R™" B e R™* C e R*",

A B
rank =rank(B) + rank(C) + rank((/ - BB*)A(I - C*(C))
C 0

If range(B) c range(A) and range(CT) c range( AT)

A B
rank =rank(A) +rank(D - CA*B)
C D

Lemma G.2 (Block rank lemma extension). Let A € R™" B ¢ R™*k C e R, If

range(CT) c range(AT)

A A
rank =rank(A) +rank(D - C)
C D
Proof. Given that range(A) ¢ range(A), we can apply the second block rank lemma from
Lemma G.1 with B = A.
A A
rank =rank(A) + rank(D - CA*A).
C D

By supposition, range(C7) c range(AT) and A*A is the projection matrix onto the column

space of AT. Then CA*A =, and the statement follows. O

H Details behind numerical examples

We have three simulation scenarios where we vary the sample size to determine the power:

a two-arm trial to determine vaccine efficacy against severe symptoms, a three-arm trial
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to determine relative vaccine efficacy against severe symptoms, and a two-arm trial to
determine vaccine efficacy against transmission. All trials are designed such that the as-
sumptions of Theorem 3.3 are satisfied, so the three-arm trial includes 16 study sites, and
a categorical covariate with 7 levels, and both two-arm trials include 8 study sites, and a
categorical covariate with 3 levels. Within each scenario we suppose that A, the categorical
covariate, to be measured perfectly. In addition, we assume a 3-level, pretreatment cate-
gorical covariate has been measured for each participant. We simulate from the parametric
model defined in Section 3.2, which requires that we specify u”, or the log-odds of belonging
to stratum w relative to base stratum wug for each study site r. Let the ordered collection
of log-odds of being in stratum wu relative to stratum wusn. for the reference covariate level
x=1be u"= (,uzl,,uLQ, e ,,uLQszl,O).

Let softmax be the function from v € RY to the L + 1-dimensional probability simplex,
defined elementwise for the i*® element as:

evi

L T
121 €"

softmax(v); =

and let softmax ™ be the inverse function from 6 € the L + 1-dimensional simplex to RE,

where the 7*" element, i < L + 1 is defined as
softmax(0);! = log(6;) - log(fL.1)

Let 60" = P(S™ =wu| R=r,X =), and let 6" be the ordered vector (6, 0y, ..., 00 )

2Nz

. For the 2-arm trials, the population principal strata proportions are as follows:

671 ' Dirichlet((78,10,2,10))Vr

while for the 3-arm trials, the proportions are
o™ ' Dirichlet((70,13,1,1,1,1,1,12))Vr
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Assuming equal proportions of participants in each treatment group, these parameter
settings equate to a cumulative true incidence of roughly 0.16 and 0.19, respectively. Recall
from Section 3.2 that 7 € R2"*, so nZ is the change in log-odds of belonging to principal
stratum u vs. wg relative to x = 1. We set 73y, = 0 for identifiability. Then let puj, =
softmax " (671),

0™ = softmax (ul, +n"),

where for all z > 1

2 iid

n® ¥ Normal(0,1), i < 2V, Myn. = 0.

Let the N,-vector a** be defined elementwise as a;”* where ;" = P(A=Fk | ST =, X =

avt X Dirichlet(41y, ) Vu,

and v* = softmax' (a*1). Then recall that v* € RN« such that 4 is the change in log-odds

of A =k relative to A = ko, and that 7% =0 for identifiability. Then
a™* = softmax (v* +~*),

and for all z > 1

~v# % Normal(0,1), i < N,, Y, = 0.

For data generating process that does not adhere to the Covariate homogeneity assumption,
a®* 7" is generated as follows

a™®" = softmax (V" + " +¢")

gy ~ Normal(0,02) Vr > 1,k < N,
(58)

ey, =0Vr

g1 =0Vk
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We set 0. = {0.5,1,2} for our simulation study scenarios.

Finally, recall that

P(Y(z)=1]S"=u,A=Fk X =x)

1
BPY(2)=0]SP=uA=Fk X =)

—_ u u xr
= aj +5j7k+wj,

where w? is the change in log-odds of Y (z;) =1, all else being equal, compared to x = 1.
In all of our simulations, wf = (z - 1) log(1.1) for all j. For the 2-arm trial example, we let
i = 10g(0.3/0.7), al") = 10g(0.3/0.7) +log(0.4), and 61} = (k - 1)10g(0.925), ;" =

(k - 1)log(0.825). Further, we let a{"” = 1og(0.15/0.85), a{*" = 1og(0.2/0.8), and 6"

(k -1)10g(0.925), and 6" = 0

For the 3-arm trial example, we let a{""" =10g(0.3/0.7), o""" = 10g(0.3/0.7), o (1 R
log(0.3/0.7) +10og(0.4), and 5(1 LD - = (k-1)1og(0.925) for j = 1,2,3. Further, we let oz(l 0L -
10g(0.2/0.8), ol =10g(0.1/0.9),a"" = 10g(0.3/0.7), al"*? = 10g(0.15/0.85),a{"*") =
10g(0.25/0.75), ol = 10g(0.08/0.92), ol = 10g(0.25/0.75), al®"? = 10g(0.25/0.75),
of " =10g(0.1/0.9) and 6%, = 0 for all k, u € {(1,0,0),(0,1,0),(1,1,0),(0,0,1),(1,0,1),(0,1,1)},
and all allowable j

In the 2- and 3-arm trial examples that pertain to inferring vaccine efficacy against
severe symptoms, we set sng = 0.8,spg = 0.99 which reflects the sensitivity and specificity of
a typical PCR collected via nasopharyngeal swab (Kissler et al. 2021), and sny = 0.99,spg =
0.9 to reflect the fact that most severe illness caused by the pathogen of interest will be
reported, but that there are many severe illness episodes that are reported that may be
caused by other pathogens. These lead to a true rate of severe illness of 0.04 but a rate of
reported severe illness of 0.14. For comparison Monto et al. (2009) symptom reporting data
shows that 10% of participants reported at least one severe symptom, but the cumulative
incidence was 0.07.

For each hypothetical participant in a study site R = r in our study we draw data in
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the following manner
iid . 1
Z; ~ Categorical(—1x.)
N,
iid o1
X~ Categorlcal(glg)
SPIR=rX=2x ! Categorical (67)

Al ST =u, X =2 " Categorical (a™®)

(59)
Vi|SP =u, A=k, X=0,2=5 % Bernoulli(inv_logit(aj + 6% + w.))
Y; |Y =y ¥ Bernoulli(ysny + (1 - y)(1 - spy))
Si| 8P =u, 7 =5 % Bernoulli(u;sng + (1 —u;)(1 - spg))
AjlA=a™ Categorical(py;, )
and we do this for all sites Re {1,..., N, }.
We fit the model defined in Equation (11). Recall
A; | Sz.PO =u, X; =z, R; = r ~ Categorical (7, ;) (60)
SR =r, X;=a~ Categorical(p, ) (61)
Yi(z) | SFo =, Ay =k, Xy =2 ~ Bernoulli(5}") (62)
where we define 7, ,, as in Equation (12):
Ty = sSOftmax (V" + 4% + 4" + €")
e ~ Normal(0,02) Vr > 1,k < N,
" ~ Normal(0, O',2Y) Yu,z>1,k <N, (63)

oc ~ StudentT"(3,0,0.1), 0, ~ StudentT*(3,0,0.1)

€y, = 0Vr, € = OVk, 7%, =0V, v = OVE, vy" = 0Vu, z, it =0,70" = OV
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We define a hierarchical model for Bju,f as:

L QUT U,
logit;} = af + €}

€;% ~ Normal(0, 72
(64)
7. ~ Normal* (0, 5%)
o ~ Normal(0,1.7°)
We use the following priors:
sng ~ Beta(0.5,1,4,2)
spg ~ Beta(0.5, 1,10, 2)
sny ~ Beta(0.5,1,1,1)
spy ~ Beta(0.5,1,4,2) (65)
Py, ~ Dirichlet((7,1,1,1)7), Vr,z
vi* ~ Normal(0,1.3%),Vu,1 < k < N,
7§ ~ Normal(0,1.3%), Vo > 1,1 <k < N,

where Beta(0.5,1,4,2) is the shifted, scaled Beta distribution in which the first two argu-
ments define the support of the distribution, and the second two parameters are shape pa-
rameters. For example, for sng this corresponds to x ~ Beta(4,2) and sng = (1-0.5)x +0.5.

When N, =3, the prior for p, , changes to:

Pro ~ Dirichlet((2,1/31%y, )7, ¥r,a

2Nz

We use Stan for inference (Team 2021) using the cmdstanr package (Gabry & Cesnovar
2022) in R (R Core Team 2022). Four MCMC chains were run for each model on each sce-
nario. All models for the two-arm trials were run for 3,000 warmup and 3,000 post-warmup

iterations; nearly all R statistics (Gelman et al. 2013) were below 1.01, as recommended by
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Vehtari et al. (2020). The maximum R recorded across all two-arm trials was 1.04. For the
three-arm trials, all models were run for 3,000 warmup and 12,000 post-warmup iterations.
Nearly all R statistics were below 1.01 with a maximum R recorded across all three-arm

trials was 1.02.

I Asymptotic variance derivations

Lemma I.1 (Affine transformation of vectorized normal). Suppose X € R™P  vec(X) ~
N(0,%) for a positive definite matriz 3. Given a matriz D € R¥" with rank D = k and a
matriz C' € RP*™ with rank C' = m, vec(DXC) ~ N(0,(CT ® D)X(C ® DT)) where (CT ®

D)Y(C & DT) is positive definite.

Proof. vec(DXC') = (CT ® D)vec(X). Affine transformations of multivariate normal vec-
tors, Y = BZ, where Z ~ N(0,%) and B is a full-row rank matrix leads to Y ~ N (0, BLBT),

BY.BT positive definite. Then
vec(DXC) ~N(0,(CT ® D)X(C ® DT)).

The rank of CT ® D = rank C*T rank D = mk. The dimensions of CT ® D are mk x np, so

CT ® D is full-row rank. O

Lemma 1.2 (Limiting distribution of least squares estimator). Let b = Xw where X is
full column rank with elements in R and w # 0. Given estimators X,b the least-squares
estimator for w, @, is (XTX)_I XTb. Let X+ = (XTX)‘lXT,VeC(\/NDX(X’—X)) 4
Normal(0, %), and /N D, (b-b) kit Normal(0, C') where Dx, Dy are positive definite diagonal

scaling matrices. Then
VN(& - w) S Normal(0, (w' @ X*D)S(w e (X*D)T) + X*D;'0(X*D;Y)T).
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Proof. w(X,b)=(XTX)™" XTb, so we can linearize this function in X and b, following the

logic in Bonhomme et al. (2016):
W(X +dX,b+db) = w(X,b) +d (XTX) " XTb+ (XTX) " (dXT)b+(XTX) " XTdb
For a square invertible matrix , dQ-' = -Q-1dQ Q! so
d(XTX) " = —(XTX) " d(XTX) (XTX) (66)
-~ (XTX) 7 (dXTX + XTdX) (XTX)" (67)
Then,
W(X +dX,b+db) =w(X,b) - (XTX) " (dXTX + XTdxX) (XTX) " X7
+(XTX) " (@XT)h+ (XTX) " XTdb+o(1)
= w(X,b) + (XTX) " dXT(I- XX*)b+ X*dXX"b
+ X*db+0(1)
Note that (I - XX*)b= (I - XX*)Xw=0and D!Dyx = D;'D; = I So
VN (& -w) = X*DVNDx(X - X)w+X*D;'V/NDy(b-b) +0,(1) (68)
By assumption,
V' NDy(b-b) 4 N(0,C), vec (\/NDX(X - X)) 4 Normal(0, X2),
SO
vec (X*D;}\/ND(X - X) w) % Normal(0, (w! ® X*DH)S(we (X*DH)T))  (69)
X*Dy'"VND(b-b) > N(0, X*D;'C(X*D;")7T) (70)
given that vec (X*D&l\/NDX(X - X)w) = X*DIVNDx(X - X)w, we get

VN(& - w) > Normal(0, (w” ® X*Di)S(w e (X*D)T) + X*D;'C(X*D;H)T)  (71)

76



1.0.1 Interpretation for VE modeling

When considering Lemma [.2 in the context of the two-arm model presented in the paper,

the vector w is the vector

(spy,ﬂéo’l), §1,o)’6£1,1))
, the matrix X is Py (ST | R), and the matrix Dx in Lemma 1.2 is the square-root
of the proportion of individuals assigned to a study site R; = r. D, is the proportion
of people assigned to a study site R; = r and Z; = 2. If the design of the study calls
for equal proportions of individuals spread out between study sites and equal numbers of
people assigned to treatment and control for each study site, then D, = (2NT)‘%INT and

Dy = (N,) 21y . This simplifies the expression above to:
VN(@ -w) % Normal(0, N, ((w” ® XH)S(we (X)) +2X*C(XH)T))  (72)

This highlights that variance increases as a function of N, due to distributing people over
more sites. This effect is in tension with the Moore-Penrose inverse X+ because if we take
the view that study sites are drawn from a superpopulation of study sites with a generating
distribution for proportions of principal strata, the more study sites we have, the better

estimate of the inverse of the second moment matrix X7 X.

References

Aalen, O. O., Borgan, 0. & Gjessing, H. K. (2008), Survival and Event History Analysis,

Statistics for Biology and Health, Springer New York, New York, NY.

Baden, L. R., El Sahly, H. M., Essink, B., Kotloff, K., Frey, S., Novak, R., Diemert, D.,
Spector, S. A., Rouphael, N., Creech, C. B., McGettigan, J., Khetan, S., Segall, N.,

Solis, J., Brosz, A., Fierro, C., Schwartz, H., Neuzil, K., Corey, L., Gilbert, P., Janes, H.,

7



Follmann, D., Marovich, M., Mascola, J., Polakowski, L., Ledgerwood, J., Graham, B. S.,
Bennett, H., Pajon, R., Knightly, C., Leav, B., Deng, W., Zhou, H., Han, S., Ivarsson,
M., Miller, J. & Zaks, T. (2021), ‘Efficacy and safety of the mRNA-1273 SARS-CoV-2

vaccine’, New England Journal of Medicine 384(5), 403—416.

Bauer, C. & Wakefield, J. (2018), ‘Stratified space—time infectious disease modelling, with
an application to hand, foot and mouth disease in China’, Journal of the Royal Statistical

Society Series C 67(5).

Berry, S. M., ed. (2011), Bayesian adaptive methods for clinical trials, number 38 in ‘Chap-

man & Hall/CRC biostatistics series’;, CRC Press, Boca Raton. OCLC: 0cn639940808.

Bonhomme, S., Jochmans, K. & Robin, J.-M. (2016), ‘Non-Parametric Estimation of Finite
Mixtures from Repeated Measurements’, Journal of the Royal Statistical Society Series

B: Statistical Methodology 78(1), 211-229.

Bornkamp, B., Rufibach, K., Lin, J., Liu, Y., Mehrotra, D. V., Roychoudhury, S., Schmidli,
H., Shentu, Y. & Wolbers, M. (2021), ‘Principal stratum strategy: Potential role in drug

development’, Pharmaceutical Statistics 20(4), 737-751.

Cheng, J. & Small, D. S. (2006), ‘Bounds on causal effects in three-arm trials with non-

compliance’, Journal of the Royal Statistical Society: Series B (Statistical Methodology)

68(5).

Ding, P., Geng, Z., Yan, W. & Zhou, X.-H. (2011), ‘Identifiability and Estimation of Causal
Effects by Principal Stratification With Outcomes Truncated by Death’, Journal of the

American Statistical Association 106(496).

Ding, P. & Li, F. (2018), ‘Causal inference’, Statistical Science 33(2), 214-237.

78



Ding, P. & Lu, J. (2017), ‘Principal stratification analysis using principal scores’, Journal

of the Royal Statistical Society: Series B (Statistical Methodology) 79(3).

El Sahly, H. M., Baden, L. R., Essink, B., Doblecki-Lewis, S., Martin, J. M., Anderson,
E. J., Campbell, T. B., Clark, J., Jackson, L. A., Fichtenbaum, C. J., Zervos, M.,
Rankin, B., Eder, F., Feldman, G., Kennelly, C., Han-Conrad, L., Levin, M., Neuzil,
K. M., Corey, L., Gilbert, P., Janes, H., Follmann, D., Marovich, M., Polakowski, L.,
Mascola, J. R., Ledgerwood, J. E., Graham, B. S., August, A., Clouting, H., Deng, W.,
Han, S., Leav, B., Manzo, D., Pajon, R., Schodel, F., Tomassini, J. E., Zhou, H. &
Miller, J. (2021), ‘Efficacy of the mRNA-1273 SARS-CoV-2 Vaccine at Completion of

Blinded Phase’, New England Journal of Medicine 385(19), 1774-1785.

Francis, D. P. (1982), ‘The prevention of hepatitis b with vaccine: Report of the centers

for disease control multi-center efficacy trial among homosexual men’, Annals of Internal

Medicine 97(3), 362.

Frangakis, C. E. & Rubin, D. B. (2002), ‘Principal Stratification in Causal Inference’,

Biometrics 58(1).

Gabry, J. & Cesnovar, R. (2022), cmdstanr: R Interface to 'CmdStan’. https://mc-

stan.org/cmdstanr/, https://discourse.mc-stan.org,.

Gelman, A., Carlin, J. B., Stern, H. S., Dunson, D. B., Vehtari, A. & Rubin, D. B. (2013),

‘Bayesian data analysis’.

Gilbert, P. B., Bosch, R. J. & Hudgens, M. G. (2003), ‘Sensitivity Analysis for the As-
sessment of Causal Vaccine Effects on Viral Load in HIV Vaccine Trials’, Biometrics

59(3).

79



Grilli, L. & Mealli, F. (2008), ‘Nonparametric Bounds on the Causal Effect of University
Studies on Job Opportunities Using Principal Stratification’, Journal of Educational and

Behavioral Statistics 33(1).

Gustafson, P. (2015), Bayesian inference for partially identified models: Ezploring the limits

of limited data, Vol. 140, CRC Press.

Halloran, M. E., Longini, I. M. & Struchiner, C. J. (2010), Design and Analysis of Vaccine

Studies, Statistics for Biology and Health, Springer New York, New York, NY.

Halloran, M. E. & Struchiner, C. J. (1995), ‘Causal Inference in Infectious Diseases:’,

Epidemiology 6(2).

Holland, P. W. (1986), ‘Statistics and Causal Inference’, Journal of the American Statistical

Association 81(396), 945-960.

Hudgens, M. G. & Halloran, M. E. (2006), ‘Causal Vaccine Effects on Binary Postinfection

Outcomes’, Journal of the American Statistical Association 101(473).

Imbens, G. W. & Rubin, D. B. (2015), Causal inference in statistics, social, and biomedical

sciences, Cambridge University Press.

Jemiai, Y., Rotnitzky, A., Shepherd, B. E. & Gilbert, P. B. (2007), ‘Semiparametric es-
timation of treatment effects given base-line covariates on an outcome measured after
a post-randomization event occurs: Semiparametric Estimation of Treatment Effects’,

Journal of the Royal Statistical Society: Series B (Statistical Methodology) 69(5).

Jiang, Z. & Ding, P. (2020), ‘Measurement errors in the binary instrumental variable

model’, Biometrika 107(1).

80



Jiang, Z., Ding, P. & Geng, Z. (2016), ‘Principal causal effect identification and surrogate
end point evaluation by multiple trials’, Journal of the Royal Statistical Society: Series

B (Statistical Methodology) 78(4).

Keener, R. W. (2010), Theoretical Statistics, Springer Texts in Statistics, Springer New

York, New York, NY.

Kissler, S. M., Fauver, J. R., Mack, C., Olesen, S. W., Tai, C., Shiue, K. Y., Kalinich,
C. C., Jednak, S., Ott, I. M., Vogels, C. B. F., Wohlgemuth, J., Weisberger, J., DiFiori,
J., Anderson, D. J., Mancell, J., Ho, D. D., Grubaugh, N. D. & Grad, Y. H. (2021), ‘Viral
dynamics of acute SARS-CoV-2 infection and applications to diagnostic and public health

strategies’, PLOS Biology 19(7).

Kruskal, J. B. (1977), ‘Three-way arrays: Rank and uniqueness of trilinear decomposi-
tions, with application to arithmetic complexity and statistics’, Linear Algebra and its

Applications 18(2).

Lipkovich, I., Ratitch, B., Qu, Y., Zhang, X., Shan, M. & Mallinckrodt, C. (2022), ‘Using
principal stratification in analysis of clinical trials’, Statistics in Medicine 41(19), 3837—

387T.

Lipsitch, M. & Kahn, R. (2021), ‘Interpreting vaccine efficacy trial results for infection and

transmission’, Vaccine 39(30).

Long, D. M. & Hudgens, M. G. (2013), ‘Sharpening Bounds on Principal Effects with

Covariates: Principal Effect Bounds’, Biometrics 69(4).

Longini, I. M. & Halloran, M. E. (1996), ‘A Frailty Mixture Model for Estimating Vaccine

Efficacy’, Applied Statistics 45(2).

81



Longini Jr, I. M., Halloran, M. E., Nizam, A., Wol, M., Mendelman, M., Fast, P. E. &
Belshe, R. B. (2000), ‘Estimation of the efficacy of live, attenuated inluenza vaccine
from a two-year, multi-center vaccine trial: implications for in  uenza epidemic control’,

Vaccine .

Luo, S., Li, W. & He, Y. (2023), ‘Causal inference with outcomes truncated by death in

multiarm studies’, Biometrics 79(1), 502-513.

Miao, W., Geng, Z. & Tchetgen Tchetgen, E. J. (2018), ‘Identifying causal effects with

proxy variables of an unmeasured confounder’, Biometrika 105(4).

Monto, A. S., Ohmit, S. E., Petrie, J. G., Johnson, E., Truscon, R., Teich, E., Rotthoff,
J., Boulton, M. & Victor, J. C. (2009), ‘Comparative Efficacy of Inactivated and Live

Attenuated Influenza Vaccines’, New England Journal of Medicine 361(13).

Neyman, J. (1923), ‘On the application of probability theory to agricultural experiments.

essay on principles’, Ann. Agricultural Sciences pp. 1-51.

Ouyang, J. & Xu, G. (2022), ‘Identifiability of Latent Class Models with Covariates’,

Psychometrika .

Polack, F. P., Thomas, S. J., Kitchin, N., Absalon, J., Gurtman, A., Lockhart, S., Perez,
J. L., Pérez Marc, G., Moreira, E. D., Zerbini, C., Bailey, R., Swanson, K. A., Roychoud-
hury, S., Koury, K., Li, P., Kalina, W. V., Cooper, D., Frenck, R. W., Hammitt, L. L.,
Tiireci, O., Nell, H., Schaefer, A., Unal, S., Tresnan, D. B., Mather, S., Dormitzer, P. R.,
Sahin, U., Jansen, K. U. & Gruber, W. C. (2020), ‘Safety and Efficacy of the BNT162b2

mRNA Covid-19 Vaccine’, New England Journal of Medicine 383(27).

82



R Core Team (2022), R: A Language and Environment for Statistical Computing, R Foun-

dation for Statistical Computing, Vienna, Austria.

Rothenberg, T. J. (1971), ‘Identification in Parametric Models’, Econometrica 39(3), 577

991.

Rubin, D. B. (1974), ‘Estimating causal effects of treatments in randomized and nonran-

domized studies.’, Journal of Educational Psychology 66(5), 688-701.

Rubin, D. B. (1978), ‘Bayesian Inference for Causal Effects: The Role of Randomization’,

The Annals of Statistics 6(1).

Rubin, D. B. (2006), ‘Causal Inference Through Potential Outcomes and Principal Strat-
ification: Application to Studies with “Censoring” Due to Death’, Statistical Science

21(3).

Saarela, O., Stephens, D. A. & Moodie, E. E. M. (2023), ‘The Role of Exchangeability in

Causal Inference’, Statistical Science pp. 1-17.

Shepherd, B. E., Gilbert, P. B., Jemiai, Y. & Rotnitzky, A. (2006), ‘Sensitivity Analyses
Comparing Outcomes Only Existing in a Subset Selected Post-Randomization, Condi-

tional on Covariates, with Application to HIV Vaccine Trials’, Biometrics 62(2).

Shepherd, B. E., Gilbert, P. B. & Lumley, T. (2007), ‘Sensitivity Analyses Comparing Time-
to-Event Outcomes Existing Only in a Subset Selected Postrandomization’, Journal of

the American Statistical Association 102(478).

Shi, X., Miao, W., Nelson, J. C. & Tchetgen Tchetgen, E. J. (2020), ‘Multiply robust causal
inference with double-negative control adjustment for categorical unmeasured confound-

ing’, Journal of the Royal Statistical Society: Series B (Statistical Methodology) 82(2).

83



Tchetgen Tchetgen, E. J. (2014), ‘Identification and estimation of survivor average causal

effects’, Statistics in Medicine 33(21).

Team, S. D. (2021), Stan Modeling Language Users Guide and Reference Manual, v2.27.

The FUTURE II Study Group (2007), ‘Quadrivalent vaccine against human papillomavirus
to prevent high-grade cervical lesions’, New England Journal of Medicine 356(19), 1915

1927.

Tian, Y. (2004), ‘Rank equalities for block matrices and their moore-penrose inverses’,

Houston J. Math 30(4), 483-510.

Tsiatis, A. A. & Davidian, M. (2022), ‘Estimating vaccine efficacy over time after a ran-

domized study is unblinded’, Biometrics 78(3), 825-838.

Van der Vaart, A. W. (2000), Asymptotic statistics, Vol. 3, Cambridge university press.

VanderWeele, T. J. & Tchetgen Tchetgen, E. J. (2011), ‘Bounding the Infectiousness Effect

in Vaccine Trials’, Epidemiology 22(5).

Vehtari, A., Gelman, A., Simpson, D., Carpenter, B. & Biirkner, P.-C. (2020), ‘Rank-
normalization, folding, and localization: An improved rhat for assessing convergence of

memce’, Bayesian Analysis .

Wang, L., Richardson, T. S. & Zhou, X.-H. (2017), ‘Causal analysis of ordinal treatments
and binary outcomes under truncation by death’, Journal of the Royal Statistical Society.

Series B, Statistical Methodology 79(3), 719.

Wang, L., Zhou, X.-H. & Richardson, T. S. (2017), ‘Identification and estimation of causal

effects with outcomes truncated by death’, Biometrika 104(3), 597-612.

84



Wang, W., Xu, Y., Gao, R., Lu, R., Han, K., Wu, G. & Tan, W. (2020), ‘Detection of

SARS-CoV-2 in Different Types of Clinical Specimens’, JAMA .

Weinberger, M., Oddone, E. Z., Henderson, W. G., Smith, D. M., Huey, J., Giobbie-Hurder,
A. & Feussner, J. R. (2001), ‘Multisite Randomized Controlled Trials in Health Services

Research: Scientific Challenges and Operational Issues:’, Medical Care 39(6), 627-634.

Yuan, L.-H., Feller, A. & Miratrix, L. W. (2019), ‘Identifying and estimating principal
causal effects in a multi-site trial of Early College High Schools’, The Annals of Applied

Statistics 13(3).

Zelner, J., Petrie, J. G., Trangucci, R., Martin, E. T. & Monto, A. S. (2019), ‘Effects of
Sequential Influenza A(H1N1)pdm09 Vaccination on Antibody Waning’, The Journal of

Infectious Diseases 220(1), 12-19.

Zhang, J. L. & Rubin, D. B. (2003), ‘Estimation of Causal Effects via Principal Stratifi-
cation When Some Outcomes are Truncated by “Death”’; Journal of Educational and

Behavioral Statistics 28(4).

Zhang, J. L., Rubin, D. B. & Mealli, F. (2009), ‘Likelihood-Based Analysis of Causal
Effects of Job-Training Programs Using Principal Stratification’, Journal of the American

Statistical Association 104(485).

Zhou, J., Chu, H., Hudgens, M. G. & Halloran, M. E. (2016), ‘A Bayesian approach to es-
timating causal vaccine effects on binary post-infection outcomes’, Statistics in Medicine

35(1), 53-64.

85



	Introduction
	Vaccine efficacy in two-arm multi-center trials
	Conditional effects and principal stratification
	Principal effect identifiability
	Incorporating study-site and covariate information
	Identifiability of expanded model

	Asymptotic variance for VEI

	Vaccine efficacy in multiarm, multisite trials
	Identifiability of multiarm, multi-site trials
	Models, priors and sensitivity analyses

	Design and analysis of vaccine efficacy studies
	Vaccine efficacy against severe illness trial design
	Two-arm trial
	Three-arm trial


	Discussion
	Limitations and extensions

	Proofs and further details for simulation studies
	Notation and definitions
	Kruskal rank properties related to VE
	Rank properties related to VE
	Main results
	Kruskal rank properties
	Kruskal's triple-product decomposition uniqueness theorem
	Corollary to thm:krank-unique

	Supporting lemmas and definitions from other work
	Details behind numerical examples
	Asymptotic variance derivations
	Interpretation for VE modeling


